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Abstract 

Abundant high-quality distant tsunami records from the 2010 Maule (Chile) and 2011 Tohoku-Oki earthquakes have 
revealed two distinctive features compared to long-wave tsunami simulations. The records show that the traveltime 
delay of the tsunami increases with distance from the earthquakes, and the initial phase reversal of tsunamis appears 
and grows systematically. The conventional tsunami theory cannot explain the observed waveforms and traveltimes 
of distant tsunamis, leading to the need for a new theory to explain and synthesize distant tsunamis. The propagating 
elevated sea surface of a tsunami compresses seawater and deforms the seafloor and the solid Earth. A propagating 
tsunami changes the mass distribution of the Earth and results in a spatiotemporal change in gravity, thereby alter-
ing the propagating tsunami itself. Incorporating these physics, we developed a new tsunami propagation theory in 
which a tsunami is naturally treated as a wave in a gravitationally and elastically coupled Earth system composed of 
solid Earth layers and an ocean layer. Two distinct tsunami simulation techniques based on the new tsunami propa-
gation theory were introduced and confirmed to produce nearly identical tsunami waveforms. One technique treats 
tsunamis as free waves within a deformable Earth system, while the other treats tsunamis as external pressure and 
gravitational forces acting on the surface of a deformable Earth system. With the new techniques, the waveform 
and traveltime differences between the observed and simulated distant tsunamis disappear. Past distant tsunamis 
recorded by coastal tide gauges, which were not previously studied due to the traveltime and waveform mismatch 
problems, have become the focus of quantitative tsunami studies analyzing waveforms. New tsunami propagation 
techniques have been applied to the analysis of distant tsunami waveforms from the past 19 events and have helped 
to unveil the slip distributions of the past large earthquakes and to determine the earthquake origin time of the trans-
Pacific tsunami events recorded by tide gauges since 1854.

Keywords Trans-oceanic tsunami, Historical tsunamis recorded in tide gauge, Tsunami in the gravitationally coupled 
Earth system, Tsunami phase delay, Tsunami traveltime delay, Tsunami in the deformable Earth, Earthquake fault 
parameters studied by tsunami waveforms, Tsunami simulation by the phase correction method, Eulerian and 
Lagrangian variables, Free oscillation and forced oscillation of the Earth with an ocean layer, Compressible density-
stratified ocean

1 Introduction
1.1  Background on tsunami theory
Traditionally, a tsunami has been treated as a surface grav-
ity wave of homogeneous, incompressible seawater trave-
ling over a rigid ocean-bottom topography under constant 
gravity (e.g., Dingemans 1997a). When the wavelength is 
much longer than the water depth, as is often the case with 
tsunamis excited by large earthquakes (magnitude of > M8) 
under the seafloor, the tsunami is considered as a long 
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wave. Long waves are non-dispersive, meaning that the 
traveling speed is independent of the wavelength and wave 
period. As the wavelength becomes comparable to or less 
than the ocean depth, the surface gravity wave becomes 
dispersive, with longer wavelengths traveling faster.

In the real Earth, the seafloor is not rigid, but is deform-
able by seawater loading. Seawater is a compressible fluid 
because the sound waves of seawater propagate at a finite 
speed. The motion of the water mass and the deforma-
tion of the seafloor associated with a propagating tsunami 
change the distribution of the Earth’s mass, causing gravity 
to change in space and time. Seawater compressibility and 
elastic deformation effects are often treated as two inde-
pendent issues in tsunami propagation.

Matsuzawa (1950) simultaneously incorporated seawater 
compressibility and elastic deformation effects in the tsu-
nami propagation theory for a homogeneous compressible 
water layer and a deformable seafloor. Nakamura (1961) 
plotted dispersion curves for phase and group velocities, 
demonstrating that the combined effects of compressible 
seawater and elastic seafloor in a 4.5 km deep ocean reduce 
the maximum tsunami phase and group velocities by 1%. 
However, these early works were largely unnoticed by the 
tsunami research community until we re-discovered them 
after the 2011 Tohoku-Oki earthquake tsunami.

1.1.1  Compressibility and density stratification of seawater
Eckart (1960), Stoneley (1963), and Sells (1965) discussed 
surface gravity waves in a slightly compressible ocean. 
Incorporating the compressibility of seawater under grav-
ity automatically implies the water is density-stratified, 
i.e., no longer homogeneous. The three studies men-
tioned assumed that the compressible seawater stratifies 
adiabatically. Density stratification of water always slows 
down the long-wave speed (e.g., Watada 2013), i.e., when 
the total thickness of the density-stratified water is d , then 
the long-wave speed is smaller than 

√
gd , where g is the 

gravity.
Watada (2013) developed a propagator matrix theory 

that can be used to compute the wave motion and disper-
sion relation for arbitrarily stratified compressible seawater 
under gravity. For a constant-depth water layer with density 
scale height H and sound velocity cs , the theory gives an 
explicit formula for the phase velocity of a surface gravity 
wave with horizontal wavenumber k and angular frequency 
ω propagating at phase velocity cp = ω/k . The formula is 
expressed as:

where

(1)c2p(ω, k) =
ω2

k2
= d g − ω2

2k2H

tanh(Md)

Md

z is the upward positive vertical coordinate, N  is the 
buoyancy frequency, N 2 ≥ 0 implies that the layer is sta-
bly stratified, while N 2 < 0 implies that the layer is unsta-
ble and cannot stably exist in nature. ρo is the stratified 
water density at rest. ρ0b is the water density at the bot-
tom of the layer. Equation 1 serves as a basic dispersion 
relation, from which the dispersion relations for various 
water layer cases are obtained. It should be noted that 
Eq. 1 does not depend on the magnitude of ρo but on the 
gradient of density dρ0/dz . In the simplest case, where 
water is incompressible (cs = ∞) and homogeneous 
(H = ∞) , we confirm that the well-known surface gravity 
wave dispersion relation is obtained.

For a constant density layer with finite compress-
ibility, although such a layer is unstable (N 2 ≤ 0) , the 
phase velocity (Eq. 1) of a long wave is reduced to:

Okal (1982) also obtained the reduced long-wave 
phase velocity of Eq.  7 by applying the normal mode 
theory to a spherical Earth, in which an ocean layer is 
modeled as a homogeneous water layer. For an adiabat-
ically density-stratified layer with finite compressibility, 
the phase velocity (Eq. 1) of a long wave is reduced to:

Both Sells (1965) and Tsai et  al. (2013) obtained the 
same reduced long-wave phase velocity in Eq. 8. Wang 
(2015) derived a reduced long-wave phase velocity for 
compressible seawater as:
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Stoneley (1963) also obtained Eq.  9. The long-wave 
speed reduction in Eq.  9 is twice as large as that in 
Eq. 8. Sells (1965) pointed out errors in Stoneley (1963) 
that cause Stoneley’s speed reduction estimate to be 
twice as large as Sells’s estimate. It should be noted that 
the long-wave speed reduction caused by density strati-
fication and compressibility of seawater is independent 
of wave period and the wavelength (Sect. 2.5.1).

Wang (2015) justified the use of Eq.  9 for distant 
tsunami traveltime calculations by comparing the 
observed traveltime delay without taking account of 
the elastic deformation of the seafloor. The apparent 
coincidence between traveltime delays based on Eq.  9 
and the observed delays is due to two errors: an over-
estimation of the compressibility effect and neglecting 
the elastic deformation and gravitational perturba-
tion effects (which are discussed in Sects. 1.1.2, 1.1.3, 
2.5.2, and 2.5.3), partially cancel each other out. Based 
on Eq.  9, Wang (2015) proposed a depth-correction 
scheme for computing tsunami traveltimes. Inazu 
and Saito (2013) proposed a similar depth correction 
approach in which the depth correction factor to fit the 
observed traveltime delays was empirically determined. 
Wang et al. (2022) proposed an extended depth-correc-
tion scheme. All depth-correction schemes do not alter 
the non-dispersive nature of long waves and only adjust 
the traveltimes. Therefore, these depth-correction 
schemes do not reproduce the observed waveforms of 
distant tsunamis, particularly the initial phase rever-
sal, as discussed in Sect. 2.2. The polarity of the initial 
phase of a tsunami is critical for tsunami source stud-
ies (Sect.  2.1). Depth-correction schemes can be used 
for tsunami warning studies, which do not require the 
accurate forecasting of tsunami waveforms and arrival 
times.

Watada (2013) computed the tsunami traveling speed 
by using the propagator matrix method at all global 
ocean grid points where the vertical density and sound 
velocity profiles were available. In general, the tsunami 
travel speed reduction is larger in deeper oceans (Eq. 8), 
with small deviations depending on the local variations 
of the density and sound velocity vertical profiles. At 
a depth of 4 km, density stratification reduces the tsu-
nami speed by 0.15% and the compressibility of homo-
geneous seawater additionally reduces by 0.3%, leading 
to a total reduction of ~ 0.44%. However, the speed 
reduction due to compressible seawater alone is insuf-
ficient to account for the observed traveltime delay in 
the far field, which is ~ 1–1.5% (Sect. 1.2).
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√
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) 1.1.2  Elastic deformation of seafloor
The effect of  seafloor deformation on tsunami propaga-
tion was studied by Mallard and Dalrymple (1977) for a 
homogeneous incompressible water layer over a homo-
geneous elastic half-space, without the inertial term 
in the elastic seabed. Dawson (1978) emphasized the 
importance of the inertia term, especially for a thick 
soft bottom medium, and included it in his formulation. 
Yamamoto (1982) developed analytic formulas for the 
dispersion relation of surface gravity waves and acous-
tic waves in compressible homogeneous water, as well 
as for the excitation of a tsunami and acoustic waves by 
an uplift of the ocean bottom in a two-layered system. 
Comer (1984) computed the tsunami excitation by an 
earthquake point source in a two-layered system com-
posed of an incompressible water layer and an elastic 
half-space.

Tsai et  al. (2013) derived the dispersion relation of a 
tsunami for a homogeneous incompressible water layer 
as:

where ν is the Poisson’s ratio and µ is the shear modulus 
of the elastic half-space. Note that, unlike the stratifica-
tion and compressibility effects of seawater, the elastic-
ity effect of the seafloor is wavenumber dependent and 
causes non-dispersive long waves to become disper-
sive. The tsunami phase speed decreases with increas-
ing wavelength or wave period, i.e., reverse dispersion at 
long wavelengths. However, the seafloor elasticity alone 
cannot explain the observed far-field traveltime delays 
(Sect. 2.5). By combining seawater compressibility (Eq. 8) 
and elastic seafloor (Eq.  10), Tsai et  al. (2013) obtained 
a dispersion relation of linear surface gravity waves for 
adiabatically-stratified compressible seawater and elastic 
ocean bottoms. Abdolali et  al. (2019) also obtained the 
tsunami dispersion relation, including the effect of sea-
water compressibility and elastic seafloor.

In all studies introduced so far in this section, the grav-
ity field is constant in space and time, as in the conven-
tional tsunami simulation. Their tsunami simulations do 
not include the effect of the gravity change induced by 
the mass movement of seawater and the deformation of 
the seafloor during the tsunami propagation.

1.1.3  Gravity change
Studies of water waves often assume that the Earth’s grav-
ity is constant, both horizontally and vertically. In the 
spherically symmetric Earth, gravity acts in the verti-
cal direction but its magnitude varies depending on the 
density structure. The time-constant background gravity 

(10)cp =
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of such  an Earth model varies spatially as a function of 
the distance from the center of the Earth, resulting in dif-
ferent gravity values at the top and bottom of the ocean 
layer. The normal mode theory of a symmetric Earth 
can handle non-uniform gravity fields and compute lin-
ear surface gravity waves, including non-dispersive long 
waves and dispersive short waves, (Ward 1980; Okal 
1982; Watada and Kanamori 2010), without using the 
linear Boussinesq approximations often employed to 
compute dispersive linear water waves (e.g., Dingemans 
1997b; Baba et al. 2015).

As  the Earth deforms, its mass distribution changes, 
leading to a spatiotemporal change in the self-attracting 
force of gravity. This change in the Earth’s gravity field, 
in turn, affects on the Earth’s internal mass and deforms 
the Earth. The shape of deforming Earth is determined by 
the elastic stress and gravitational mass attraction force 
within the Earth and external loading and gravitational 
forces. The Earth’s response to an external force, or an 
external gravitational potential on the Earth, is a clas-
sic subject of Earth tides (e.g., Farrell 1972). Ocean tide 
prediction requires solving the SAL of the moving sur-
face water mass under the constantly changing lunar and 
solar gravitational forces. While modern tidal theories 
still assume homogeneous incompressible seawater (e.g., 
Sulzbach et  al. 2021), the Earth’s SAL deformation and 
gravity change during tsunami propagation in compress-
ible seawater are incorporated into the tsunami computa-
tions in Sects. 2.5.1 and 2.6.3.

1.2  Background on tsunami observation
1.2.1  Coastal tide gauge records
Tsunami waveforms and traveltimes recorded at coastal 
tide gauges are strongly influenced by coastal topogra-
phy and shallow bathymetry. Incomplete knowledge of 
the shallow water bathymetry around the tide gauge has 
been believed to cause differences between observed and 
simulated tsunamis.

A tsunami generated by the 1960 Chile earthquake was 
recorded in and around the Pacific Ocean. Nakamura 
and Watanabe (1961) reported tsunami forerunners, i.e., 
small-amplitude and short-period water-level oscilla-
tions preceding the arrival of a huge tsunami along the 
coast of Japan. They attributed the forerunner to seiches 
of a bay or a continental shelf near the tide gauge. Ima-
mura et  al. (1987, 1990) pointed out through numerical 
simulation of tsunamis that the calculated arrival times 
were 10 min to a few hours earlier than observed in the 
far field (North America, Australia, Japan, and Taiwan) 
as well as near field (South America). The discrepancy 
was attributed to the use of a coarse numerical grid and 
the effect of coastal topography around the observation 
points. Tide gauge records from the Pacific Islands, such 

as Christmas, Johnston, and Midway Islands (Fig.  1), 
although not mentioned by the authors, show a precur-
sory phase with negative polarity before the conspicuous 
water-level rise (Zetler and Symons 1961).

1.2.2  Offshore tsunami records
Two types of instruments that directly record tsunami 
waveforms are used to eliminate the influence of coastal 
and shallow-water bathymetry: a buoy floating on the sea 
surface (Kato et al. 2005; Kawai et al. 2013) and a subma-
rine cable laid on the seafloor (Takahashi 1981; Aoi et al. 
2020).

The Ports and Harbours Bureau of MLIT and its asso-
ciated organizations operate the NOWPHAS GPS wave 
gauge network, which records the elevation of GPS 
buoys every second to monitor the sea wave height. 
NOWPHAS installed 15 GPS wave gauges before the 
2011 Tohoku-Oki earthquake and three additional 
ones  after the earthquake. Of the  18 GPS wave gauges, 
three were installed off the coast of the Sea of Japan, 
and the rest were installed off the Pacific coast. The 
NOWPHAS GPS buoys are powered by solar cells. The 
altitude of a floating buoy is measured using GPS-RTK 
technology, which measures the relative position between 
the GPS receiver installed on a floating buoy and the GPS 
receiver at a land station. The nominal resolution of the 
three-dimensional relative position is several centim-
eters or more depending on the GPS satellite conditions. 
The GPS signals received by the floating buoy are trans-
mitted by radio to the land station and are processed in 
real-time for GPS-RTK positioning. Radio  transmission 
requires the buoy to be located within 20 km of the land 
station. The NOWPHAS GPS buoys are moored at water 
depths of 100–400 m.

The 2011 Tohoku-Oki earthquake coseismically 
deformed large submarine and subaerial regions in 
three dimensions (e.g., Ozawa et  al. 2011). The relative 
elevation between the floating buoy and the land sta-
tion changed coseismically by as much as 0.95  m (cf. 
Kawai et al. 2013). The modeling of tsunami waveforms 
recorded by GPS buoys should include such a coseismic 
offset of the relative elevations (e.g., Ho et al. 2017). Some 
early tsunami waveform studies of the 2011 Tohoku-Oki 
earthquake tsunami did not include the coseismic off-
set of GPS buoys in tsunami waveform modeling (e.g., 
Yamazaki et al. 2011), and systematic offsets remained in 
the modeling residuals.

OBPGs powered by cable and transmitting data in real-
time through the cable have been the primary tsunami 
observation system to quickly detect the occurrence of 
earthquakes and tsunamis offshore Japan (Tsushima 
and Ohta 2014). Before the 2011 Tohoku-Oki earth-
quake, three (Tokai, Boso, and Tonakai) submarine cables 
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Fig. 1 The 1960 Chile earthquake tsunami recorded at three Pacific Islands (Honolulu, Mokuoloe Island, Johnston Island). Note the precursory 
phase with negative polarity before the conspicuous tsunami arrival. Copied from Zetler and Symons (1961)
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by JMA, four (Kushiro, Hatsushima, DONET1, and 
Muroto) submarine cables by JAMSTEC, one (Kamai-
shi) by ERI, and one (Sagami) by NIED were in opera-
tion to monitor tsunamis offshore Japan. After the 2011 
Tohoku-Oki earthquake, an additional Kamaishi cable by 
ERI, DONET2 by JMASTEC, and S-net by NIED were 
installed. Later, the operation of DONET1 and DONET2 
was transferred to NIED. Because of technical problems, 
OBPG installation had been limited to depths of 6000 m 
or less. S-net is the first submarine cable network for 
OBPGs to overcome this limitation. OPBGs of mod-
ern submarine cable networks, such as S-net, report the 
absolute water pressure every 0.1  s at the shortest. All 
S-net cables were laid off the Pacific coast of the Hok-
kaido and Honshu islands, Japan. The S-net submarine 
network has one loop east of the Japan Trench. N-net, 
which covers off the Pacific coast of the Shikoku and 
Kyushu islands, is being constructed by NIED.

Seabed wave gauges were installed on the seafloor at 
water depths of 30–50 m to monitor the wave height by 
measuring the traveltime of acoustic waves between the 
wave gauge and the sea surface. Analyses of the 2010 
Maule (Chile) earthquake tsunami waveforms recorded 
by a coastal tide gauge, a seabed wave gauge, and an off-
shore GPS wave gauge along a tsunami raypath to the 
Japanese coast revealed site- and frequency-depend-
ent amplification factors of tsunami wave components 
(Kawai et al. 2012).

1.2.3  Deep‑sea tsunami records
After the 2004 Sumatra–Andaman earthquake caused 
a huge and destructive tsunami in the Indian Ocean, 
NOAA started establishing a basin-wide tsunami obser-
vation network for tsunami warnings in the Pacific Ocean 
by deploying DART tsunamimeters in the deep sea. The 
BPRs deployed on the deep seafloor at the DART stations 
continuously record the ocean-bottom pressure, which 
reflects the surface water level every 15  s. The DART 
station is battery-powered and operates autonomously. 
To reduce power consumption, low-sampling rate data 
every 10 min are transmitted to a surface buoy via acous-
tic telemetry and then to tsunami warning centers via 
the GEOSS satellite communication link. The nominal 
resolution of the water-height data is 1 mm. Because of 
the large water depth, short-period sea-level changes 
dominated by swells at the sea surface are effectively fil-
tered out, and thus, the BPR records are only sensitive to 
long-period components of sea-level changes. A sudden 
change in pressure triggers a high sampling rate for the 
telemetry, with an interval of as short as every 15 s. Inter-
nally recorded 15-s sampling data are retrieved during 
the ship operation to replace batteries every one or two 

years. If the DART BPR is not retrieved, the 15-s sam-
pling data are lost (Meinig et al. 2005).

Ocean-bottom tsunami sensors installed on the off-
shore seafloor can avoid the complex tsunami wave 
reflection and refraction from the shallow sloping bathy-
metric structure and coastal topography. Therefore, 
assuming that the tsunami propagation Green’s function 
for a sea-surface elevation source is well-established, tsu-
namis generated, propagated, and recorded in the deep 
ocean are used to most directly and accurately constrain 
the tsunami source model and are an ideal dataset for 
tsunami source inversions (e.g., Satake 2015).

From a retrospective point of view, there were reports 
of the traveltime delays and initial phase reversals in 
deep-sea tsunami records of distant tsunamis. A section 
is quoted from Watada et al. (2014).

Rabinovich et  al. (2011) noted a 10–15 min delay 
of the tsunamis that were recorded by two BPRs 
deployed in the Drake Passage between South 
America and Antarctica relative to a long-wave 
simulation after a traveltime of 20 hr from the 2004 
Sumatra-Andaman earthquake. The time delays 
were hypothesized to be related to wave dispersion 
effects. Wei et  al. (2008) and Hébert et  al. (2009) 
showed that a tsunami record at a DART station in 
the central Pacific Ocean for the 2007 Peru earth-
quake (M8.0) indicates a 12-15 min delay relative 
to long-wave simulation after a propagation of 7 hr. 
The cause of delay was speculated to be inaccurate 
bathymetry data, source location, and deviation 
from the linear long-wave assumption. Although not 
mentioned by the authors, figures presented in these 
studies, which compare the simulated and observed 
waveforms, show a clear precursory negative trough 
before the positive main peak (Figure  3(a) of Wei 
et al. 2008; Figure 7 of Hébert et al. 2009).

The tsunami research community’s confidence in the 
traditional distant-tsunami propagation theory was 
not shaken by these observations until the community 
was confronted with clear and undeniable observational 
facts that were inconsistent with theoretical predictions.

2  New studies prompted by trans‑Pacific tsunamis 
recorded at deep oceans

Two new studies have been prompted by the trans-Pacific 
tsunami recorded at deep ocean following  the 2010 
Maule (Chile) and 2011 Tohoku-Oki earthquakes. These 
were the first large interplate earthquakes that occurred 
near deep ocean trenches and generated trans-oceanic 
tsunamis after the completion of the DART network 
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(Fig. 2). About 30 DART stations distributed on the deep 
Pacific Ocean floor worked as an array and recorded 
trans-oceanic tsunamis that arrived just a few hours after 
the earthquake and that nearly one day later reached the 
opposite shore of the Pacific without interference from 
shallow coastal structures. In the following sections, we 
review how these records renew our understanding of 
trans-oceanic tsunamis and prompt the development of a 
new tsunami propagation theory.

2.1  Importance of initial phase: an ocean‑bottom landslide 
case

A conventional linear surface gravity wave, whether dis-
persive or not, preserves the initial motion when the 
source of the first tsunami is created (Fig. 3b and c), as the 

phase velocity monotonically increases as the wavelength 
increases. Tsunami sources are often sea-surface uplift 
or subsidence caused by large earthquakes, landslides, 
or volcanic activity in the ocean. The preservation of the 
initial tsunami motion, regardless of amplitude, is a cru-
cial feature of the tsunami propagation process because it 
reflects the initial seafloor motion and provides definitive 
evidence of how the initial seafloor process begins. Seis-
mologists have long studied the minute initial motions 
of earthquakes of various magnitudes (e.g., Iio 1995) for 
the same reason, as they preserve the very first process of 
faulting that radiates seismic waves.

For example, Tappin et  al. (2014) argued that the 
large amplitude tsunami observed along the coast north 
of the epicenter of the 2011 Tohoku-Oki earthquake 
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Fig. 2 Traveltime delay and initial phase reversal of the tsunami generated by the 2011 Tohoku-Oki earthquake, denoted by the yellow star. 
Red triangles indicate the location of DART stations. Observed and conventional synthetic tsunami waveforms are compared at near field (1 h 
traveltime) and far field (17 h traveltime). Contour lines of the traveltime are drawn at every 1 h. At the near field, the waveforms match well. At 
the far field, the observed waveform shows a reversed initial phase and traveltime delay relative to the conventional long-wave tsunami simulation
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was partially caused by a large SMF, an ocean-bottom 
landslide that occurred on the landward slope of the 
seafloor near the trench axis north of the epicenter and 
was induced by seismic ground shaking. A landslide on 
a landward slope results in an oceanward mass motion 
that causes initial uplift at the oceanward sea surface 
and initial subsidence at the landward sea surface (e.g., 
Fig. 7 of Tappin et al. 2014). Therefore, at coastal obser-
vation points, the first motion of a landslide tsunami, 
regardless of the amplitude, should be downward. In 
the tsunami waveforms observed at landward stations 
(e.g., Fig.  2 of Tappin et  al. 2014; Fig.  2 of Yamazaki 
et al. 2011), all initial motions were upward, consistent 

with the upward motion of the landward upper plate of 
the shallow low-dip-angle thrust fault of the Tohoku-
Oki earthquake. No direct evidence of SMF was found 
in the first motions of the observed tsunamis. Note that 
this type of first motion analysis does not preclude the 
possibility of a later occurrence of the SMF.

2.2  Time domain evidence for delay and initial phase 
reversal

The first unequivocal evidence for the delayed propaga-
tion of trans-oceanic tsunamis was reported for the 2010 
Maule (Chile) earthquake tsunami recorded along the 
coasts of Japan, Canada, and the USA. The DART net-
work captured the initial tsunami waves just a few hours 
after the earthquake and continuously recorded tsunamis 
crossing the Pacific and reaching the other side of the 
basin about 24 h later (e.g., Fig. 4; Fujii and Satake 2013; 
Watada et al. 2014). As the 2010 Maule (Chile) tsunami 
crossed the Pacific, multiple and high-quality observa-
tions by the DART network provided clear evidence that 
the existing far-field tsunami theory was inadequate to 
explain the observed far-field tsunami traveltimes and 
waveforms. Tsunami sensors attached to the deep ocean-
bottom cables recorded tsunamis (Saito et al. 2010), on-
land tiltmeters along the Pacific coast of Japan (Kimura 
et  al. 2013), and offshore GPS buoys (Kato et  al. 2011) 
showed delays in tsunami arrivals of up to 30 min relative 
to linear long-wave simulations. Rabinovich et al. (2013) 
also noticed a small negative phase with gradual subsid-
ence of the sea level before the sharp increase by the main 
positive phase in almost all onshore and offshore tsunami 
records along the Pacific coast of Canada and the USA.

Kawai et  al. (2012) examined NOWPHAS GPS wave 
gauge motion in detail during the 2010 Maule (Chile) 
tsunami. A GPS wave gauge was installed 10  km off 
the northeast coast of Honshu, Japan. As the first wave 
approached, the initial horizontal motion of the GPS 
wave gauge was eastward, and the vertical motion was 
downward (Fig.  5). This two-dimensional motion of the 
GPS wave gauge was consistent with a negative ampli-
tude initial tsunami arriving from the east.

The tsunami research community was puzzled by 
the tsunami traveltime delay following the 2010 Maule 
(Chile) earthquake. A few non-tsunami scientists, but 
seismologists, noticed the inconsistency of the polarity 
of the initial phases in the far field. Most tsunami scien-
tists, who held a strong belief in the validity of the long-
wave propagation theory and placed more emphasis on 
the peaks than on the initial waves, searched for other 
explanations, such as errors in the tsunami source loca-
tion and systematic regional bias in bathymetric data, 
as well as the effects of alternative numerical schemes, 

Fig. 3 Dispersive and non-dispersive tsunami propagation 
simulations for a 4 km deep ocean. a An initial Gaussian-shaped 
tsunami observed at x = 0 km traveling in the positive x direction, 

where u(0, t) = 0.5 ∗ exp
(
−(t − to)

2 ∗ ω2
a

)
 m, fa = 0.0015 Hz, 

ωa = 2π fa , and to= 1920 s. The time series was computed at every 
30 s for 2048 samples, giving a total time length of 1024 min. b–d 
Simulated tsunami waveforms at x = 9000 km that were computed 
for constant long-wave phase speed, i.e., 

√
gd , linear surface gravity 

wave phase speed in a homogeneous incompressible ocean, i.e., 
ω/k =

√
g(tanhkd)/k , and the phase speed in an ocean coupled 

with the PREM having a 4 km deep ocean layer, respectively. The 
arrival times of the peak amplitude in Fig. 3c and d are delayed by 
3 min and 8.5 min, respectively, relative to that in Fig. 3b. Note that in 
Fig. 3d, a small-amplitude initial phase with reversed polarity relative 
to the main peak precedes the main peak. The figure has been 
adapted from Fig. 6 of Watada et al. (2014)
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numerical grid size, and the nonlinear water wave behav-
ior (JMA 2010).

The 2011 Tohoku-Oki earthquake tsunami repeated 
the same traveltime delays and the initial phase reversals 
that appeared only in the far field, and changed the minds 
of tsunami scientists forever. We needed a new tsunami 
propagation theory to explain the traveltime delay and 
initial phase reversal. The tsunami research community 
was still unaware that the two problems were rooted in a 
common origin.

2.3  Frequency domain evidence for reverse dispersion 
of tsunamis

The dispersion of surface gravity waves of a homoge-
neous incompressible inviscid fluid under gravity is 
expressed as follows:

This expression has been used to characterize both non-
dispersive long waves and dispersive short waves, and 
has been confirmed by the observation of distant tsu-
namis in  studies such  as Saito et  al. (2010). The disper-
sion relation expressed by Eq. 11 indicates that the wave 
phase and group speeds become the same 

√
gd at the 

largest wave period, and the first motion of long waves 
is conserved at all distances. As observed in Sect. 2.2, the 
first motions of all distant tsunamis were consistently 

(11)
ω

k
=

√
g(tanhkd)/k

reversed compared to long-wave simulations. The real 
tsunami dispersion relation deviates from the conven-
tional dispersion relation expressed in Eq. 11.

Watada et al. (2014) plotted the phase velocities meas-
ured from the 2010 Maule (Chile) and 2011 Tohoku-Oki 
earthquake tsunamis (Fig. 6) recorded by the DART net-
work. All measured phase velocities were normalized to 
the reference ocean depth, which was d = 4 km  in this 
case. At the shortest wave period, the measured disper-
sion relation is close to the standard dispersion relation 
expressed in Eq.  11. As the period increases, the phase 
velocity deviates from the standard dispersion relation, 
and the phase velocity exhibits a maximum with a value 
of ~ 1% smaller than the long-wave speed 

√
gd at around 

1000 s. Beyond 1000 s, the phase velocity shows reverse 
dispersion, meaning that the phase speed becomes 
slower as the period increases. The phase velocity meas-
urements are well explained by the tsunami disper-
sion curves of the gravitationally coupled elastic Earth 
(Sects. 2.4 and 2.5). At around 8000 s, the phase velocity 
is 2% slower than the long-wave speed.

Watada et  al. (2014) also confirmed that the reverse 
dispersion of tsunamis over the longest periods is 
responsible for the initial phase reversal of distant tsuna-
mis. Figure 3 compares the three tsunamis with specific 
tsunami dispersion relations. A non-dispersive tsunami 
that propagates at the same phase speed for all wave 
period components maintains the wave shape (Fig.  3b). 

Fig. 4 Trans-Pacific Tsunami waveforms generated by the 2010 Maule (Chile) and 2011 Tohoku-Oki earthquakes. Left) Approximated tsunami 
raypaths (black lines) from the sources (yellow stars) and DART stations (red triangles). Right) Comparison of the observed (black lines) and two 
synthetic tsunami waveforms computed by the old (blue lines) and new (red lines) waveform simulation methods. For both earthquakes, the 
initial phase reversal and traveltime delay of the observed tsunami waveforms are found. With the new waveform synthetic method, the waveform 
discrepancy diminishes
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The dispersive linear gravity waves that propagate at the 
speed described by Eq. 11 are dispersive, and the initial 
upward motion remains unchanged (Fig. 3c). A tsunami 
that propagates at a phase speed with reverse disper-
sion at the longest periods shows a reversed initial phase 
(Fig. 3d).

2.4  Physics of gravitationally coupled elastic Earth system
The governing equations and boundary conditions for the 
deformation problem of a spherically symmetric gravita-
tionally coupled elastic Earth (e.g., Alterman et al. 1959; 
Takeuchi and Saito 1972; Watada and Kanamori 2010) 

are introduced. The Earth model is composed of elastic 
layers corresponding to the crust, mantle, and inner core, 
and fluid layers corresponding to the ocean and outer 
core. The density and elastic parameters of the fluid and 
solid layers can be a function of radius.

2.4.1  Tsunami as a wave in a gravitationally coupled elastic 
Earth system

The linear momentum equation is:

where ρ, g , v,u, τ are the density, gravity vector, velocity 
vector, displacement vector, and stress tensor, respec-
tively. All quantities are defined as a function of the 
fixed position x and time t. Here, we consider the small 
deformation of the Earth, where the second order of 
displacement is ignored, and the deformation process is 
adiabatic, i.e., we ignore the heat conduction and radia-
tion processes. There are two ways to describe a small 
change in quantity f (x, t) by small deformation u . The 
change measured at a fixed position x is the Eulerian 

(12)ρ
dv

dt
≡ ρ

(
∂v

∂t
+ (v · ∇)v

)
= ∇ · τ + ρg

Fig. 5 Seawater movement revealed by the NOWPHAS GPS wave 
gauge buoy (#805, Aomori-Togan-Oki) motion installed 10 km off 
the coast at a water depth of 87 m during the arrival of  the 2010 
Maule (Chile) earthquake tsunami. The exact location of the GPS 
wave gauge buoy can be found in Fig. 7a of Kawai et al. (2012). a 
The time series indicate the three dimensional motion of the buoy, 
which is moored to the seafloor by a chain and is not in completely 
free motion. b The trace of the horizontal motion of the buoy is 
shown with numbers  along the trace corresponding to the timing 
in the time series in figure (a). The first horizontal motion is eastward 
and the vertical motion is downward from time 1 to time 2. The first 
vertical and horizontal motions are consistent with a tsunami with a 
leading negative trough propagating from east to west at the buoy 
location. The figure has been adapted from Fig. 6 of Kawai et al. (2012)

Fig. 6 Comparison of the measured phase velocities (red dots with 
error bars) and predicted tsunami phase velocities for the 2011 
Tohoku-Oki earthquake tsunami. The half of the error bar length 
at each wave period corresponds to one standard deviation of 
25 station measurements. The measured phase velocities fit the 
predicted tsunami phase velocity of the gravitationally-coupled 
elastic Earth model, i.e., the PREM model. Two other theoretical 
tsunami phase velocity models are plotted. The dashed line 
represents a non-dispersive constant long-wave tsunami speed 
given by ω/k =

√
gd , where g = 9.822 m/s2 and d = 4 km. The 

dash-dotted line expresses the linear surface gravity wave given by 
ω/k =

√
g(tanhkd)/k . The figure has been adapted and modified 

from Fig. 9 of Watada et al. (2014)
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perturbation, denoted by f ′(x, t) . The change meas-
ured at the point moving with the deforming medium 
x = xo + u is the Lagrangian perturbation denoted by 
δf (x, t) , where xo is the initial position before deforma-
tion. Hereafter, fo(x) represents quantity f  at x before 
deformation.

Note that the Lagrangian and Eulerian perturbations 
differ to the first order of u

but are convertible if we know u and fo(x) . For example, 
the Eulerian density perturbation is expressed as:

The Lagrangian density perturbation is expressed as:

The two density perturbations differ to the first order of 
u

The equilibrium initial state means:

We assume that the Earth’s initial stress τ o is isotropic 
and under hydrostatic equilibrium, i.e.,

where po is the initial hydrostatic pressure, and I is the 
unit tensor. go is the time-constant gravity vector under 
the initial equilibrium but can vary in space. Therefore, 
we have:

where x = (r, θ ,φ) . r, θ ,φ are the radial, colatitudinal, 
and longitudinal coordinates, respectively, in a spherical 
coordinate system. The scalar gravity value go is defined 
by go(x) = (−go(r), 0, 0), and we obtain a familiar for-
mula for the hydrostatic pressure gradient balanced by 
gravity:

By subtracting Eq. 21 from Eq. 12 and keeping only the 
first-order perturbations and first-order of displacement, 

(13)f (x, t) = fo(xo)+ δf (x, t)

(14)f (x, t) = fo(x)+ f ′(x, t)

(15)δf (x, t) = f
′
(x, t)+ u · ∇fo(x)

(16)ρ
′ = −∇ · (uρ)

(17)δρ = −ρ(∇ · u)

(18)δρ(x, t) = ρ′(x, t)+ u · ∇ρo(x)

(19)∇ · τ o + ρogo = 0

(20)τ o(x) = −po(x)I

(21)∇p0(x) = ρo(x)go(x)

(22)
dpo(r)

dr
= −ρo(r)go(r)

we obtain the linearized equation of motion for per-
turbed states in a fluid:

and in a solid:

where we have used v = du
dt

= ∂u
∂t + (v · ∇)u = ∂u/∂t to 

the first order of u . The Eulerian density perturbation is 
written as:

The Eulerian pressure perturbation is written as:

where u = (ur ,uθ ,uφ) in the spherical coordinate system.
Constitutive equations are derived from the properties 

of the medium, and thus, the Lagrangian stress change or 
pressure change is used to describe them. The constitu-
tive equation for the adiabatic compression of a fluid is 
defined by the density and volume perturbations:

where cs is the sound velocity of the fluid, and K  is the 
bulk modulus of the medium.

The constitutive equation for a solid under adiaba-
tic deformation is a generalized Hook’s law with elastic 
constants. For an isotropic elastic body, the constitutive 
equation is given by:

where µ is the rigidity of the medium, and e is a strain 
tensor caused by displacement u . u itself is a small quan-
tity of the  first order, and the difference between the 
Eulerian and Lagrangian forms is neglected. Similarly, e 
is a linear function of u and the difference between the 
two forms is neglected. The Eulerian stress perturbation 
is written as:

and is used in Eq. 24.

(23)ρo
∂2u

∂t2
= −∇p′ + ρ

′
go + ρog

′

(24)ρo
∂2u

∂t2
= ∇ · τ ′ + ρ

′
go + ρog

′

(25)ρ
′
(x, t) = δρ(x, t)− u(x, t) · ∇ρo(x)

(26)
p
′
(x, t) = δp(x, t)− u(x, t) · ∇po(x)

= δp(x, t)+ ur(x, t)ρo(r)go(r)

(27)

δp(x, t) = c2s δρ(x, t) =
K (x)

ρo(r)
δρ(x, t) = −K (x)∇ · u(x, t)

(28)δτ =
(
K − 2

3
µ

)
(∇ · u)I + 2µe

(29)
τ

′
(x, t) = δτ (x, t)− u(x, t) · ∇τ o(x)

= δτ (x, t)− ur(x, t)ρ0(r)g0(r)I
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We have a Poisson’s equation for the gravitational 
potential φ defined by gravity g and the density distribu-
tion ρ:

Using ∇φ0 = g0,∇φ
′ = g

′ , the initial gravitational 
potential and the Eulerian perturbation of the gravita-
tional potential are described as:

Then, the linearized equation of motion (Eq.  24) is 
written as:

where r̂  is the unit vector in the radial direction. The first 
term represents the elastic force caused by deformation. 
The third and fourth terms represent the gravitational 
forces due to the change in density and the change in 
gravity, respectively. The second term is often neglected 
but is required when we use the Lagrangian stress caused 
by strain (Eq. 28).

For a fluid, the linearized equation of motion is written 
as:

In geophysical fluid mechanics, the Earth’s gravity is 
often assumed to be a time constant, and the last term is 
neglected. We retain all terms in the following.

At the fluid–fluid and fluid–solid interfaces, δp and  
ur are continuous, and at the solid–solid interface, δτ  
and u are continuous. At any types of interface, 
r̂ · (∇φ

′ + 4πGρ0(r)u) is continuous. For free oscillation 
problems, the surface boundary condition for a fluid 
requires zero pressure, i.e., δp = 0, and for a solid, it 
requires vanishing surface traction, i.e., r̂ · δτ = 0 . For 
both solid and fluid cases r̂ ·

(
∇φ

′ + 4πGρ0(r)u
)
= 0 is 

required as an additional surface boundary condition 
described by the gradient of the gravitational potential 
perturbation and the displacement. For forced oscillation 
problems caused by an external periodic surface mass 

(30)∇2φ = −∇ · g = 4πGρ

(31)
∇2φ0(x) = −∇ · g0(r) =

dg0(r)

dr
+ 2

r
g0(r) = 4πGρ0(r)

(32)
∇2φ

′
(x, t) = −∇ · g ′(x, t) = 4πGρ

′
(x, t) = −4πG∇ · (u(x, t)ρ0(r))

(33)

ρo
∂2u

∂t2
= ∇ · τ ′ + ρ′go + ρog

′

= ∇ · δτ (x, t)− ∇
(
ur(x, t)ρ0(r)go(r)

)

+ g0(r)∇ · (u(x, t)ρo(r))r̂
+ ρo(r)∇φ′(x, t)

(34)
ρo

∂2u

∂t2
= −∇δp(x, t)− ∇

(
ur(x, t)ρo(r)go(r)

)

+ g0(r)∇ · (uρo(r))r̂ + ρo(r)∇φ′(x, t)

load, the surface boundary conditions should be set to 
match the external sources using the combinations of 
displacement, traction, gravitational potential, or gradi-
ent of gravitational potential, e.g., Farrell (1972).

2.4.2  Eulerian variables and Lagrangian variables
In fluid mechanics, which includes meteorology, ocean-
ography, and helioseismology, pressure perturbation is 
customarily an Eulerian variable. The Eulerian pressure 
perturbation does not vanish at the grid point that is ini-
tially on the water surface under gravity (e.g., Dingemans 
1997a). Here, the Eulerian pressure perturbation can be 
converted using Eq. 15 into the Lagrangian pressure per-
turbation of a moving grid point, which has been cus-
tomarily used in solid mechanics including solid material 
science and seismology. At an internal boundary with a 
density jump, the Eulerian pressure or Eulerian traction 
normal to the internal boundary has a jump in pressure 
or traction by (ρa − ρb)g(ro)ur , where ρa and ρb are den-
sities above and below the boundary at ro , respectively.

In both free oscillation and forced oscillation problems, 
the differential equations that describe the vibration of 
a system with appropriate surface boundary conditions 
are solved in the frequency domain using global bases 
that span the entire system. The time-derivative terms 
are replaced by frequency multiplication. The equation 
of motion (Eq. 33 or Eq. 34) represents three first-order 
homogeneous simultaneous linear differential equations 
(HSLDEs) with respect to radius. Poisson’s equation for 
the gravitational potential perturbation (Eq.  32) repre-
sents a second-order HSLDE. The constitutive equation 
for a fluid (Eq. 27) indicates that the pressure perturba-
tion in Eq.  34 is converted into the first-order spatial 
derivatives of the displacements. Likewise, the constitu-
tive equation for a solid (Eq. 28) indicates that the stress 
perturbation in Eq.  33 is converted into first-order spa-
tial derivatives of the displacements. For either a fluid or 
a solid, we have four second-order HSLDEs in total for 
four unknown variables u,φ′ after eliminating the pres-
sure and stress perturbations.

The differential equations and the boundary conditions 
expressed in Eulerian variables, Lagrangian variables, 
or mixed variables (e.g., Eq.  33 contains the Lagrangian 
variable δτ and Eulerian variable φ′ ) for small oscillation 
problems might look different. However, the equations 
and boundary conditions are entirely compatible through 
the conversion of the dependent variables using Eq.  15. 
The eigenfrequency solutions of the free oscillation prob-
lem are unchanged, irrespective of the choice of the type 
of variables. Therefore, the dispersion relation that char-
acterizes the relationship between the wavelength and 
wave period of modal solutions is always the same. The 
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eigenfunction solutions of the displacement variables are 
also the same, irrespective of the choice of variable type. 
The eigenfunction solutions of the pressure or stress vari-
ables appear different depending on the Lagrangian or 
Eulerian type variables, but they are convertible to each 
other using Eq. 15.

2.4.3  Tsunami as a free‑oscillation of the Earth system
In the first approach, a tsunami, as with a seismic wave, is 
a free wave of the gravitationally coupled elastic Earth. To 
solve the free oscillation problems of the Earth, Alterman 
et al. (1959) reformulated each second-order differential 
equation (Sect.  2.4.2) into two simultaneous first-order 
differential equations by adopting the stress-traction 
components and radial gradient of gravitational poten-
tial as intermediate variables. They demonstrated in a 
solid that, due to spherical symmetry, first-order HSLDEs 
for eight unknowns (four original and four intermediate 
variables) can be separated into first-order HSLDEs for 
six unknowns that govern the spheroidal motions and 
first-order HSLDEs for two unknowns that govern the 
toroidal motions. Detailed steps of reformulating the sec-
ond-order differential equations into first-order HSLDEs 
for four unknowns that govern the spheroidal motions in 
a self-gravitating fluid are given, for example, in Appen-
dix A of Watada and Kanamori (2010).

A tsunami mode of a gravitationally coupled elastic 
Earth is composed of a pair of an eigenfrequency and 
eigenfunctions defined in both the ocean and solid 
Earth layers. The eigenfunctions in the ocean represent 
the water wave motion, and those in the solid Earth rep-
resent the deformation in the solid Earth at the eigen-
frequency. Ward (1980) and Okal (1982) numerically 
solved the HSLDEs and free surface boundary con-
ditions for eigenfrequencies and eigenfunctions of a 
spherically symmetric Earth with a surface ocean layer, 
and Watada and Kanamori (2010) solved the HSLDEs 

for a spherically symmetric Earth with a surface ocean 
layer and an atmospheric layer. The obtained tsunami 
mode eigenfrequency solutions were then used to con-
struct a tsunami dispersion curve that describes the 
tsunami propagation speed as a function of the wave 
period in the gravitationally coupled elastic Earth. The 
tsunami dispersion curve is used in the phase correc-
tion method (Sect. 2.6.1).

2.4.4  Tsunami as a surface excess loading mass on the Earth 
system

In the second approach, seawater is an extra fluid mate-
rial that imposes variable surface loads and additional 
surface gravitational potentials as the water waves travel 
on the exterior surface of the gravitationally coupled 
elastic Earth at the speed of 

√
gd . To solve the surface 

deformation problems of the Earth caused by periodic 
surface loads, Farrell (1972) used the same HSLDE part 
of a free oscillation of the Earth (Sect. 2.4.3) but with an 
inhomogeneous surface boundary condition expressing 
a forced oscillation with fixed ωo at the frequency of the 
semidiurnal tide. In terms of the surface boundary condi-
tions, a surface point mass load acts in two ways: first, as 
a periodic force applied to a surface point, and second, 
as an external gravitational potential caused by the point 
mass. Responding to the applied gravitational potential, 
the Earth deforms and generates an additional gravita-
tional potential. The surface boundary conditions of the 
forced oscillation by a surface point mass are the surface 
traction equivalent to the point force and the gravita-
tional potential as the sum of the gravitational potential 
by the surface point mass and the additional gravitational 
potential caused by the deformed Earth. The surface 
boundary conditions for the geoid (i.e., the perturbation 
of the gravitational potential) and the seafloor deforma-
tions as the Earth’s response to a point mass load on the 
surface are described by the load Love numbers (Farrell 

Fig. 7 A cartoon showing the three effects considered in the new tsunami propagation theory: 1. elasticity of the Earth; 2. compressibility of 
seawater; and 3. spatiotemporal variations in the gravity field
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1972). The deformation of the Earth described by the 
load Love numbers has been extensively used  in ocean 
tide theory.

After setting up first-order SLDEs for six unknowns 
with appropriate boundary conditions describing a peri-
odic point mass loading for a spherically symmetric Earth 
without a surface ocean layer, we numerically solve them 
and obtain the u and φ′ solutions. The displacement and 
gravitational potential solutions for a point surface mass 
loading are the two Green’s functions used to calculate 
the seafloor deformation and the gravitational potential 
change due to seawater loading during the propagation of 
tsunamis on the exterior of the Earth system (Sect. 2.6.3).

2.5  Various effects on tsunamis of a gravitationally 
coupled elastic Earth

In this section, following Watada et al. (2014), we explain 
the three effects that slow down tsunami speed and the 
initial phase reversal of distant tsunamis (Fig. 7).

2.5.1  Compressibility and density stratification of seawater
The normal mode theory of tsunamis assumes that waves 
are linear waves, i.e., small amplitude oscillations, and 
that  Earth materials, including seawater, deform adi-
abatically. However, the theory does not assume that the 
horizontal wavelength is larger than the ocean depth. 

Therefore, the normal mode theory of water waves cov-
ers both long- and the short-wave dispersions for a gravi-
tationally coupled elastic Earth system. To examine the 
effect of seawater compressibility on the tsunami propa-
gation speed, we compared  the dispersion relations of 
water waves for two Earth models. One Earth model is the 
anisotropic PREM proposed by Dziewonski and Ander-
son (1981). We modified the depth of the original PREM, 
which has a 3  km deep ocean to 4  km by replacing the 
top crust layers with seawater. The anisotropic PREM is 
described by a density, as well as five elastic constants that 
describe azimuthally-isotropic anisotropy, often simply 
called radial anisotropy, as functions of radius. The ocean 
is constant-density seawater, which is gravitationally 
unstable (Sect. 1.1.1). The other model has the same 4 km 
deep ocean, but the seawater is homogeneous incom-
pressible, which is approximated by a very high com-
pressional velocity. Figure 8 shows the dispersion curves 
of the two Earth models. The black and blue solid lines 
represent the PREM and the PREM with incompressible 
seawater dispersion curves, respectively (Fig. 8a). The dif-
ference between the two curves is shown in Fig. 8b. The 
period-independent constant phase velocity reduction 
(Sect. 1.1.1) exists only for long waves. Okal (1982) esti-
mated the speed reduction ratio for homogeneous com-
pressible water as gd/6c2s  where cs is the sound velocity in 

Fig. 8 Period dependency of the three effects considered in the new tsunami propagation theory. a Dispersion relations of the tsunami phase 
velocity computed for various spherical Earth models, all with an ocean layer with d = 4 km. The dashed line represents a non-dispersive constant 
long-wave tsunami speed given by ω/k =

√
gd , where g = 9.822 m/s2. The dash-dotted line expresses the linear surface gravity wave given by 

ω/k =
√

g(tanhkd)/k . The black line was computed for the anisotropic PREM with a 4 km deep ocean layer, not for an isotropic PREM. The blue, 
green, and red lines were computed for the modified PREM models; see Watada and Kanamori (2010) for the details of each modification. All normal 
modes were computed with the physical dispersion defined in the PREM model. b Difference of the three modified PREM phase velocities relative 
to the RREM with a 4 km deep ocean. The figure has been adapted and modified from Fig. 5 of Watada et al. (2014)
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the water layer (See Eq. 7). At short periods of less than 
2000 s, the compressibility effect has the largest impact on 
tsunami speed among the three effects. The density strati-
fication further reduces the tsunami speed, and the reduc-
tion ratio will be gd/4c2s  for adiabatically stratified water 
layer (Tsai et al. 2013; Watada 2013) (See Eq. 8). Watada 
et  al. (2014) explained the period-independent seawater 
compressibility effect on tsunami propagation speed by 
introducing self-similarity in the seawater motion of tsu-
namis. The difference in the water waves between com-
pressible and incompressible seawater diminishes to zero 
as the waves become short waves (Fig. 8b).

2.5.2  Gravitational attraction due to mass redistribution 
by moving seawater and deformation of the Earth

The effect of gravitational potential change on the speed 
of tsunami propagation can be measured by comparing 
two dispersion curves of two distinct governing equa-
tions of motion of the Earth. One curve is obtained using 
the normal mode method for the PREM (Sect.  2.4.3), 
while the other is obtained for the same PREM using 
the normal mode method but without the gravitational 
potential perturbation, i.e., the gravity is time constant, 
and g ′ and φ′ are zero in Eqs.  33 and 34. The normal 
mode computation without the gravitational potential 
perturbation, but with the time-constant reference gravi-
tational potential, is conceptually equivalent to the con-
ventional tsunami computation in which Earth’s gravity 
is time constant. This approximation for the gravitational 
potential perturbation is called the Cowling approxima-
tion (Cowling 1941) and  is used for the normal modes 
of the Earth and stars in cases where the gravitational 
potential perturbation is unimportant, but gravity plays 
an essential role in the modes. In Fig. 8a, the green line 
represents the dispersion curve for the PREM under 
the Cowling approximation. The difference between the 
curves  with and without the Cowling approximation is 
plotted in Fig.  8b. The effect of the gravitational poten-
tial perturbation is negligible for tsunamis with periods 
less than 1000 s, but increases as the period increases and 
becomes the second-largest effect after the elastic Earth 
effect at periods greater than 5000  s. The effect of the 
gravitational potential perturbation on the tsunami phase 
velocity is strongly period-dependent and reduces the 
tsunami speed as the period increases.  In other words, 
the gravitational potential perturbation contributes to 
the reverse dispersion of a tsunami.

2.5.3  Elasticity of deformable Earth
The elasticity effect of the solid Earth is already roughly 
estimated by assuming that the seafloor is a homogene-
ous elastic half-space (Sect. 1.1.2). Here, we estimate the 
effect of the elastic solid Earth on the propagation speed 

of a tsunami more precisely. We assume that the PREM 
dispersion curve (black solid line in Fig.  8a) is obtained 
from the linear surface gravity wave dispersion (dash-dot 
line in Fig. 8a) by subtracting the sum of the three effects, 
including seawater compressibility, solid Earth elasticity, 
and gravity potential perturbation. Since we have already 
evaluated the seawater compressibility and gravitational 
perturbation effects on the phase velocity  (Sects. 2.5.1 
and 2.5.2), the remaining effect should come from the 
solid Earth elasticity. The tsunami phase velocity reduc-
tion due to the solid Earth elasticity is shown as the red 
line in Fig. 8b, and the tsunami propagation speed for a 
rigid seafloor model is plotted as the red line in Fig. 8a. 
The elasticity of the solid Earth has the largest effect at 
the periods longer than 2000 s and reduces the tsunami 
speed as the period increases. In other words the elastic-
ity of the solid Earth also contributes to the reverse dis-
persion of a tsunami.

2.6  Synthetic methods
In this section, we introduce two methods for the synthe-
sizing of a realistic tsunami  that includes all the  effects 
discussed in Sect.  2.5: The first is the phase correction 
method developed by Watada et al. (2014), and the sec-
ond is the convolution method of ocean loading Green’s 
functions developed by Allgeyer and Cummins (2014). 
Both methods are derived from the same set of governing 
differential equations, e.g., Alterman et al. (1959), for dif-
ferent Earth models and with different boundary condi-
tions. The resulting waveforms are virtually the same (see 
Fig. 4 of Kusumoto et al. 2020). However, the realization 
techniques mostly differ because the former treats the 
tsunami as a free wave in the Earth system (Sect. 2.4.3), 
and the latter as an external deformation source of the 
Earth system (Sect. 2.4.4), contrasting the advantages and 
disadvantages of the two methods.

2.6.1  Phase correction method
A continuous tsunami dispersion relation c(ω) , which 
determines the phase speed of a tsunami as a function of 
the wave period, is obtained from the discrete the normal 
mode eigenfrequency solutions as c(ωl) = ωl

k
= ωla√

l(l+1)
 

by interpolation, where ωl is the eigenfrequency of the 
tsunami mode, l is the angular order of the tsunami 
mode and an integer. The period-dependent tsunami 
phase velocity computed from the normal mode solu-
tions precisely predicts the change in tsunami waveforms 
including all the effects discussed in Sect. 2.5, for a spher-
ically symmetric Earth model. However it cannot be used 
directly to compute tsunamis in the real Earth. Large 
bathymetric variations in shallow and deep oceans signif-
icantly change the tsunami propagation speed.
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Thinking of two tsunamis propagating in the identical 
bathymetric terrain, one is a conventional non-dispersive 
tsunami propagating over the rigid seafloor in incom-
pressible seawater, and the other is a realistic dispersive 
tsunami propagating over the gravitationally-coupled 
elastic seafloor in compressible seawater; Watada et  al. 
(2014) found that in the frequency domain, irrespec-
tive of the bathymetric topography, the phase difference 
between the two tsunamis is expressed by using a phase 
velocity difference normalized to a reference ocean depth 
(Eq.  36). Based on this simple relationship between the 
phase difference and the phase velocity difference of the 
two tsunamis, Watada et  al. (2014) developed a quick 
and precise synthetic waveform computation method 
for tsunamis of a gravitationally coupled elastic Earth 
system with real bathymetric topography by applying a 
frequency-dependent phase correction to conventional 
long-wave tsunami simulations (Eq. 37). This method is 
explained using the following equations:

We prepare a long-wave tsunami simulation waveform 
u(x, t) at distance x and time t.

From the waveform time series, we compute the ampli-
tude spectrum û(x,ω) and the phase spectrum �(x,ω) by 
FFT. The phase correction term is computed as follows:

where d(x) and c(x,ω) are the ocean depth and the  
phase velocity at x along the tsunami raypath, 
�c(x,ω) =

√
gd(x)− c(x,ω) is the tsunami phase veloc-

ity reduction from the long-wave speed, Do and co(ω) are 
the reference ocean depth and the phase velocity of the 
PREM tsunami propagating in an ocean of depth Do , 
co(ω) corresponds to the solid back line in Fig.  8a, 
�co(ω) =

√
gDo − co(ω)  is the tsunami phase velocity 

reduction normalized to the reference ocean depth, and 
L =

∫
raypathdx is the tsunami raypath length between the 

tsunami source and the observation point approximated 
by the along great circle path. Note that the second iden-
tity in Eq. 36 is a unique characteristic of long waves dis-
covered by Watada et al. (2014), which indicates that the 
phase change of a tsunami propagating over a real terrain 
along the raypath is replaced by the phase change of a 
tsunami propagating over an ocean with a reference 
depth. The reference ocean depth can be any depth we 
choose. The use of the constant ocean depth eliminates 
the numerically heavy integral in the first identity. Then, 
the phase-corrected waveform is computed by IFFT.

(35)u(x, t) = 1

π

∫ ∞

0

û(x,ω)cos(�(x,ω))dω

(36)

��(x,ω) =
∫

raypath

�c(x,ω)ω

gd(x)
dx = �co(ω)ω

gDo
L

The phase-corrected waveform is the tsunami wave-
form of a gravitationally-coupled elastic Earth system. 
The computation time of the forward FFT (Eq. 35) and 
the backward IFFT (Eq. 37) is a small fraction of a sec-
ond and is completely negligible compared to the long-
wave simulation time. This is a great advantage of the 
phase correction method because the total computa-
tion time of the tsunami waveforms of a gravitationally-
coupled elastic Earth system is almost the same as the 
conventional long-wave computation time. We can use 
any conventional long-wave simulation code to com-
pute long waves and apply a phase correction to them.

Ho et  al. (2017) replaced the original homogene-
ous seawater layer of the PREM with an adiabatically 
density-stratified layer, which reduces the long-wave 
speed  (Sect.  2.5.1). They also computed the tsunami 
raypath length by searching for the minimum tsunami 
traveltime raypath from the source to the station, while 
Watada et  al. (2014) approximated the tsunami ray-
path as a great circle path. These two improvements 
in the phase correction method change the tsunami 
traveltime, but do not change the tsunami waveforms. 
Finally, they strictly follow the integral in Eq.  36 along 
the raypath instead of using the reference depth, which 
greatly simplified the computation of the phase correc-
tion �� in Watada et  al. (2014). These improvements 
reduced the traveltime difference between the observed 
and simulated tsunamis but little changed the simu-
lated waveforms. For far-field tsunami stations, adopt-
ing approximated great-circle path length changes the 
path length by less than 10% of the total path length (see 
Table 2 of Ho et al. (2017)). Therefore, the approximated 
great-circle path length is used unless we discuss the 
traveltime within an accuracy of 1–2 min of trans-oce-
anic tsunamis.

The phase correction method assumes that the tsu-
nami propagation distance L =

∫
raypathdx from a source 

to a station does not change. In a single tsunami trace, 
the leading part is the direct wave from the source, but 
the later parts contain reflected waves that have trave-
led a distance greater than L , i.e., not the minimum 
traveltime raypath. The later part of the phase-cor-
rected tsunami waveform becomes less accurate after 
long propagation.

2.6.2  Extension to dispersive surface waves
The phase correction method, as described in the pre-
vious section, was developed for non-dispersive long 

(37)

u(x, t) = 1

π

∫ ∞

0

û(x,ω)cos(�(x,ω)+��(x,ω))dω
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waves using long waves as a reference for dispersion. 
Deviations of the real Earth dispersion from the refer-
ence dispersion are assumed to be small, and second-
order terms are neglected. Recently developed tsunami 
observation systems allow  for a sampling rate of 1  s or 
less (Sect.  1.2). Tsunami observations in deep oceans 
show wave dispersion at periods below 1000 s (e.g., Saito 
et al. 2010), requiring waveform modeling down to 100 s 
or less. Sandanbata et al. (2021) extended the phase cor-
rection method for dispersive short waves down to a 
period of ~ 40 s by evaluating the phase correction with-
out assuming it to be small. At these short periods and in 
the deep oceans, the standard Boussinesq-type approxi-
mated dispersion relation becomes highly inaccurate and 
cannot be used as a reference dispersion. This is because, 
even after the first- and second-order corrections to the 
Boussinesq-type dispersion, the phase-corrected disper-
sion relation is still far from the real dispersion expressed 
by Eq.  11. Instead, the period-dependent linear surface 
gravity wave dispersion expressed by Eq. 11 was used as a 
reference dispersion for short-period tsunamis. Sandan-
bata et al. (2021) found that the effects of density-strati-
fied compressible seawater and the elasticity of the solid 
Earth are needed to explain the observed dispersive tsu-
namis recorded at more than 1000  km from the source 
after period-dependent raypath effects are included. 
Sandanbata et al. (2022) applied the tsunami phase cor-
rection method to model dispersive tsunamis from a sub-
marine caldera observed in the deep oceans.

2.6.3  Loading Green’s function convolution method
The vertical displacement of the seafloor is equivalent to 
a change in the depth of the ocean. A static sea surface 
in equilibrium is an equi-geopotential surface. When the 
gravitational potential change φ ′ is applied instantane-
ously and locally to seawater originally in gravitational 
equilibrium, the seawater flows spontaneously until the 
final gravitationally balanced geoid surface, which is 
locally uplifted by φ ′

/go from the original sea surface, is 
achieved. In other words, the geoid height increases by 
φ

′
/go with the additional gravitational potential φ ′.
By a unit point mass load, the vertical distance between 

the geoid and the seafloor increases according to (cf. 
Vinogradova et  al. 2015 in which G is defined with an 
opposite sign of G s in Allgeyer and Cummins (2014) and 
Baba et al. (2017)):

where r denotes a location on the surface of the Earth 
with a point mass located at r ′ . a is the radius of the 

(38)

G

(
r
′

, r
)
= G(α) = a

ME

∞∑

l=0

(
1+ k

′
l
− h

′
l

)
Pl(cosα)

Earth, ME is the mass of the Earth, Pl is the l th Leg-
endre polynomial in cosα , α is the angular distance from 
the point mass, 1 in parentheses represents the gravita-
tional effect of the point mass, k ′

l is a Love number rep-
resenting the additional gravitational effect induced by 
the gravitational potential of the point mass, and h′

l is a 
Love number representing the deformation of the Earth 
by the point mass load. The total increment of the geoid-
seafloor distance ξ(r) by the distributed tsunami wave 
amplitude η(r) on the sea surface is obtained by convolv-
ing the Green’s function:

where S is the surface area of the Earth and α and β are 
colatitude and longitude, respectively, in the coordinate 
system of r . We truncated the convolution of the Green’s 
function to a distance �α in Eq. 39.

In the loading Green’s function convolution method, 
the tsunami wave amplitude is replaced by η − ξ and the 
water depth by d + η − ξ in the tsunami computation:

We have assumed that |∇η| ≫ |∇ξ | . Following the use 
of the two Green’s functions (Sect. 2.4.4) in the ocean tide 
theory for a  deformable Earth (e.g., Hendershott 1972), 
Allgeyer and Cummins (2014) incorporated the change 
in the depth of the seafloor induced by the tsunami 
water mass loading in the finite difference computation 
of tsunamis. Baba et al. (2017) additionally included the 
gravitational potential change induced by the tsunami 
water mass in the tsunami calculations (Eq.  38). In the 
time-domain tsunami computation, at each time step, 
the tsunami wave amplitude is used to compute the geoid 
height change (Eq.  39), and the effective tsunami wave 
amplitude η − ξ is used for the conservation of water 
mass (Eq.  41). Pre-computed point-mass-load Green’s 
functions are then convolved in the space domain. A 
new equivalent ocean depth η is calculated and used in 
the next time step. To reduce the heavy computational 
cost of convolving two functions on a sphere (Eq.  39), 
we convolve the two surface functions G(α) and η(α,β) 
expanded in the spherical harmonics wavenumber 
domain, and then the convolution is reduced to a mul-
tiplication of two functions in the spherical harmonics 

(39)

ξ(r) = ∫
S
G
(
r ′, r

)[
η
(
r ′
)
− ξ

(
r ′
)]
dS

≈ a2
2π

∫
0

dβ
�α

∫
0

dαG(α)η(α,β) cosα

(40)
∂u(x, t)

∂t
= −go∇η(x, t)

(41)

∂(η(x, t)− ξ(x, t))

∂t
= −∇((d(x)+ η(x, t))u(x, t))
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wavenumber domain. At every time step, forward and 
backward spherical harmonics wavenumber transforma-
tions of the tsunami height are computed. Although we 
reduced the computational cost by replacing the convo-
lution with the multiplication, the convolution part still 
accounts for ~ 70% of the computation time (Allgeyer and 
Cummins 2014).

Further investigation of the loading Green’s function 
convolution method is required in two points. The first 
point is the truncation angle �α for the convolution 
integration in Eq. 39 (Allgeyer and Cummins 2014). For 
a tsunami from a very large earthquake with a source 
dimension of 1400 km (e.g., the 2004 Sumatra–Andaman 
earthquake), an angle α of 7 degrees is required to cover 
just one wavelength of the tsunami, and the horizontal 
scale of the induced deformation of the Earth would be 
larger. We need to adjust the truncation angle depend-
ing on the tsunami problem that we compute. The second 
point is that the Green’s functions are computed assum-
ing that the forced oscillation period ωo is the frequency 
of the semidiurnal tide (Sect. 2.4.4). This is a reasonable 
assumption for tidal problems. For tsunami problems 
whose wave period is as short as 10 min or less, we need 
to use the correct Green’s function computed at the short 
tsunami wave period. The period of the semidiurnal tide 
is ~ 12 h, and the deformation of the Earth at that period 
is close to the static deformation because the inertia term 
is neglected. For the forced deformation of the Earth at a 

period of 10 min, which is within the free oscillation peri-
ods of the Earth, we need to evaluate the inertial term, 
which might be non-negligible.

In ocean tide theory, seawater is treated as an incom-
pressible homogeneous fluid that does not store elastic 
energy. As Watada (2013) demonstrated, both the den-
sity-stratified static seawater due to its compressibility 
and the dynamic compressibility of seawater slow down 
the tsunami speed. For long waves, the effect of seawa-
ter compressibility on the tsunami phase speed can 
be included as an ocean depth correction (Sect.  2.5.1). 
Allgeyer and Cummins (2014) and Baba et  al. (2017) 
included the effect of density stratification of static sea-
water by hydrostatic pressure but not the effect of the 
dynamic compressibility, i.e., elastic energy stored in 
compressible seawater.

3  Impacts on trans‑oceanic tsunami studies
In this section, we present examples of how the phase 
correction method has been utilized in the analysis of 
tsunamis generated by large earthquakes. Some studies 
have used the method to adjust tsunami traveltimes, oth-
ers to improve the quality of tsunami Green’s functions 
for better modeling of earthquake and tsunami sources, 
and others to reproduce the dispersive wave trains that 
appear in later phases and cannot be modeled by long-
wave theory (Fig. 3). A large number of earthquake and 

Fig. 9 A map showing tsunamigenic earthquakes to which the new tsunami computation method developed by Watada et al. (2014) has been 
applied, except for the 2015 Illapel earthquake to which the method developed by Allgeyer and Cummins (2014) has been applied. The figure has 
been adapted and modified from Fig. 4 of Watada (2021)
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tsunami studies have been conducted on the events listed 
in the following sections. Rather than referring to all of 
them, I will briefly describe the application of the phase 
correction method to past tsunami events on the world 
map in Fig. 9 in reverse chronological order.

3.1  2021 Chignik (Alaska) earthquake M8.2
The earthquake occurred just east of the Shumagin 
seismic gap, which does not appear to have hosted 
large historic earthquakes with a magnitude > M7. This 
event took place east of the Alaska Peninsula along the 
Aleutian subduction zone. The ocean topography in 
the area from the peninsula to the trench is character-
ized by an extended shallow (~ 200 m) continental shelf. 
The observed tsunami had characteristic long-period 
(57–73 min) components, which were longer than those 
generated by megathrust earthquakes of a similar mag-
nitude. Mulia et  al. (2022a) attributed the long-period 
tsunamis to the deeper location of the megathrust 
earthquake fault, which did not break the shallowest 
part of the plate boundary along the trench. Large-hori-
zontal-scale sea surface uplift over a shallow ocean pro-
duced the long-period tsunamis.

3.2  2021 Raoul Island earthquake M8.1
The earthquake occurred along the Kermadec subduc-
tion zone on March 4, 2021, at 19:28 UTC. An M7.4 fore-
shock occurred at 17:41, deeper and 55  km west of the 
main M8.1 Raoul Island event. Near New Zealand, there 
was also an M7.3 earthquake that occurred at 13:27. The 
recently installed New Zealand DART network recorded 
three tsunamis. Only the mainshock subfault slips were 
inverted from the DART records (Romano et al. 2021).

3.3  2020 Shumagin (Alaska) earthquake M7.8
The earthquake occurred within the Shumagin seis-
mic gap, but only ruptured a part of the gap. The ocean 
topography is also characterized by an extended shallow 
(~ 200  m) continental shelf extending ~ 150  km offshore 
(Sect.  3.1). The tsunami, like the 2021 Chignik (Alaska) 
earthquake, was dominated by the anomalously long-
period (~ 60 min) wave components. The tsunami wave-
form inversion for the fault slip indicates a confined slip 
at depths of 20–40 km and did not break the up-dip part 
of the fault near the trench, which would result in short-
period tsunamis (Mulia et al. 2022b).

3.4  2017 Tehuantepec earthquake M8.2
Gusman et  al. (2018a) investigated the normal fault 
event that occurred within the subducting Cocos 
plate beneath Central America by analyzing near-
field tide gauge and far-field DART tsunami records. 
Waveform inversion resolves the optimum sea-surface 

displacement and infers a compact large slip (3–6 m) at 
depths between 30 and 90 km in the slab. Zaytsev et al. 
(2021) confirmed the presence of a small (2–3  cm) 
but distinct sea-level subsidence preceding the frontal 
crest wave of a tsunami only at distant stations. Two 
DART stations located at 1–2 h traveltime away from 
the source did not show the distinct subsidence before 
the main crest.

3.5  2016 Kaikoura earthquake M7.8
The 2016 Kaikoura earthquake involved multiple faults 
on land, onshore, and offshore of the South Island of New 
Zealand. Gusman et al. (2018b) adopted a two-step inver-
sion scheme to invert fault slips in complex fault geome-
try. In the first step, subaerial and seafloor displacements 
were inverted from tsunami waveforms, InSAR, GPS, 
and coastal uplift data. In the second step, the fault slips 
were inverted from the surface displacements obtained in 
the first step. The analyzed tsunami data are tide gauge 
records along the New Zealand coasts located within a 
few hours of the source in terms of tsunami traveltimes. 
The main purpose of applying the phase correction 
method to these near-field tsunami data is to include the 
dispersion effect.

3.6  2016 Wharton Basin earthquake M7.8
The DART stations installed in the Indian Ocean 
recorded small tsunamis from a large strike-slip earth-
quake that occurred in the middle of the Ninety East 
Ridge and Sumatra Island, Indonesia. Gusman et  al. 
(2017), by a joint inversion of teleseismic and tsunami 
waveforms, showed that the earthquake occurred on a 
north–south striking westward-dipping plane extending 
150 km horizontally and 60 km vertically. The inversion 
indicated bilateral rupture fronts spreading from the epi-
center at a speed of 2 km/s.

3.7  2015 Illapel (Chile) earthquake M8.3
Wang et  al. (2021) carefully looked into the DART and 
tide gauge records in the Pacific Basin from the 2015 Illa-
pel earthquake, which generated trans-Pacific tsunamis. 
The leading negative phase and traveltime delays were 
confirmed. Using the JAGURS tsunami computation 
package developed by Baba et al. (2017), they examined 
the effects of seawater density stratification, SAL, and lin-
ear surface gravity on tsunami waveforms and tsunami 
traveltimes. Among the three effects, SAL is responsible 
for the leading negative phase, consistent with the discus-
sions in Sects. 2.5.2 and 2.5.3.

3.8  2014 Iquique (Chile) earthquake M8.2
This was the third event that generated trans-Pacific tsu-
namis after the 2010 Maule (Chile) and 2011 Tohoku-Oki 
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events. Gusman et  al. (2015) confirmed the increase in 
traveltime delay with increasing traveltime and the ini-
tial sea-surface depression in the far-field tsunami wave-
forms. These effects were incorporated into the synthetic 
tsunami waveforms by applying the phase correction 
method to the synthetic long-wave waveforms. They 
jointly inverted the teleseismic and tsunami waveforms 
and GPS displacement data for subfault slip kinematics. 
The largest slip located down dip beneath the coast was 
well constrained by the tsunami and GPS data, while the 
moment rate was constrained by the seismic waveform 
data. The best rupture propagation speed was estimated 
to be 1.5 km/s.

3.9  2012 Haida Gwaii earthquake M7.8
The earthquake occurred along the trench off the Haida 
Gwaii archipelago, Canada, where the Pacific plate sub-
ducts obliquely beneath the North American plate. The 
tsunamis from the earthquake were recorded by near-
field tide gauges (traveltime < 1  h), mid-field absolute 
pressure gauges collocated with ocean-bottom seismom-
eters at the deep seafloor (traveltime < 3 h), and far-field 
DART stations (traveltime < 6  h). The mid- and far-field 
tsunami waveforms exhibit dispersive characteristics 
following the leading main pulse. Gusman et  al. (2016) 
applied the dispersive synthetic tsunami Green’s func-
tions, which were calculated by the phase correction 
method for the inversion of the coseismic initial sea-
surface elevation. The phase correction method not only 
reproduces the traveltime delay and initial phase rever-
sal but also generates dispersive later phases (Fig.  3d). 
Including the dispersion effect in tsunami waveform 
modeling improves the waveform fit of the later phases 
after waveform inversion. They proposed a more plau-
sible initial sea-surface elevation model, including a 
submarine mass failure that might have generated a 
focused sea-surface peak near the southern end of the 
Queen Charlotte Fault that runs through the Haida Gwaii 
archipelago.

3.10  2011 Tohoku‑Oki earthquake M9.0
The megathrust earthquake generated tsunamis recorded 
in and around the Pacific Ocean. Far-field tsunami 
traveltime delays and initial phase reversals were again 
observed after the 2011 Maule (Chile) earthquake tsu-
nami and triggered new distant tsunami studies that fun-
damentally changed the conventional view of long-wave 
propagation (e.g., Watada et  al. 2014; Sect.  2). Ho et  al. 
(2017) improved the phase correction method by includ-
ing density-stratified seawater in the Earth model and 
using the minimum tsunami raypath for more accurate 
phase delay calculations (Sect.  2.6.1). They applied the 

method to near- and far-field tsunami records to invert 
the initial sea-surface elevation. With the improved syn-
thetic tsunami Green’s function, they showed that the 
inverted elevation using only far-field (traveltime > 3  h) 
data is similar to, but smoother than, that using only 
near-field (traveltime < 3 h) data. Furthermore, the spatial 
and temporal sea-surface elevation changes during the 
first 4 min that reflect the spreading slips on the subfaults 
of the megathrust earthquake can be retrieved by multi-
ple time-window inversions using only the far-field tsu-
nami records. The spatial and temporal evolution of the 
sea-surface elevation obtained from only far-field records 
shows an initial large sea-surface rise increasing toward 
the trench followed by migration along the trench, which 
is consistent with the result obtained from only near-field 
records.

3.11  2010 Maule (Chile) earthquake M8.8
The event generated trans-Pacific tsunamis that were 
systematically recorded for the first time near the source 
(traveltime ~ 3 h) and at far field (traveltime ~ 23 h) by the 
DART network (Sect. 2.2). Because of the tsunami travel-
time delays in the observed far-field DART records rela-
tive to the long-wave simulations, Fujii and Satake (2013) 
analyzed only near-field tide gauge records near South 
America, DART records (traveltime < 10  h), coseismic 
GPS data, and coastal leveling data for the subfault slip 
inversion by using conventional long-wave synthetic tsu-
nami Green’s functions. The fault slip model estimated 
by inversions using only tsunami data and the model 
by joint inversions using tsunami and geodetic data 
both show similar largest slips at the deepest subfaults 
(> 24 km) beneath the coastline, in contrast to the shallow 
offshore slip asperities revealed by other seismic wave-
form studies.

It turned out that the tsunami records, even at 10  h 
from the tsunami source, could not be modeled for fault 
slips by conventional long-wave tsunami theory. The 
faster propagation speed of the conventional long-wave 
tsunami relative to the real tsunami speed erroneously 
placed the fault slips to be away from the DART stations 
offshore, i.e., large fault slips were estimated at the down 
dip of the faults. Yoshimoto et al. (2016) reanalyzed the 
same dataset using the new synthetic tsunami Green’s 
functions computed by the phase correction method. 
Three inversion results from near-field tsunami records 
only (traveltime < 10  h), far-field tsunami records only 
(traveltime > 10  h), and joint tsunami and geodetic data 
show similar slip patterns, with large slips concentrated 
along the trench, which are consistent with other seismic 
and geodetic studies.
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3.12  2009 Samoa earthquake M8.0
The earthquake mechanism has been debated as to 
whether the source is a doublet composed of a Tonga 
Trench megathrust event and an outer rise normal fault 
event or a single outer rise event. Hossen et  al. (2018) 
applied the GFTR method to local tide gauges and DART 
records surrounding the tsunami source region to invert 
the initial sea-surface elevation. The recovered elevation 
map was consistent with the doublet source. The obtained 
sea-surface elevation was inverted for the slip distribution 
on the fault and the dip orientation of the normal fault. 
The phase correction method was used to determine the 
traveltime calibration for a given station distance from the 
source. Traveltime adjustment of the Green’s functions 
was applied to far-field DART station records.

3.13  2009 Dusky Sound earthquake M7.8
The earthquake occurred offshore the South Island of 
New Zealand near the transition corner of the plate 
boundary between the Pacific-Australian plate boundary 
from the strike-slip Alpine fault to the Puysegur trench. 
The shallow dipping fault with a small dip angle gener-
ated a tsunami that was recorded by coastal tide gauges 
and two DART stations, as well as the DPG temporal 
array deployed west of the South Island. Sheehan et  al. 
(2019) applied the phase correction method to the local 
tsunami Green’s functions computed by solving the lin-
ear shallow-water wave equation to include the wave dis-
persion effect for the slip inversion of the subfaults.

3.14  2005 Nias earthquake M8.6
The megathrust earthquake was an aftershock that 
occurred south of the 2004 Sumatra–Andaman earth-
quake. The tsunami waveforms were recorded by coastal 
tide gauges in and around the Indian Ocean. Fujii et  al. 
(2020) applied the phase correction to the tsunami 
Green’s functions to include the elastic and gravitational 
coupling effects. The subfault slip inversion revealed a 
diffuse slip (~ 2  m over an area of 400  km × 100  km) at 
deeper parts (20–54 km) of the fault, with a large local-
ized slip (7 m over 100 km × 100 km). Compared to the 
seismic magnitude, the earthquake generated relatively 
small tsunamis. The large slips in the deeper parts of the 
fault were responsible for the small tsunami generation. 
The obtained slip distribution is similar to that obtained 
from the local geodetic and GPS network data, indicating 
that the far-field tsunami waveforms, once corrected by 
the phase correction method, have a resolving power of 
the fault slips comparable to the local geodetic data.

3.15  2004 Sumatra–Andaman earthquake M9.1
The source area of the 2004 Sumatra–Andaman earth-
quake, which occurred along the Sunda Trench, extends 

1400  km from off the northwest coast of Sumatra, Indo-
nesia, to the Andaman Islands, India (Fujii et  al. 2021). 
The tsunami struck the coasts surrounding the Indian 
Ocean, making it the most disastrous tsunami of the last 
century. Titov et al. (2005) and Rabinovich et al. (2017), by 
examining the running spectrum of tide gauge and DART 
records in the Pacific Ocean after the 2004 Sumatra–Anda-
man earthquake, argued that two tsunamis, one that cir-
cled southern Australia, and one that passed through the 
Atlantic Ocean and the Drake Passage, entered the Pacific 
Ocean. Fujii et al. (2021) computed the westward and east-
ward tsunami propagations separately from the Sumatra–
Andaman earthquake source region to the Pacific Ocean 
using the phase correction method after measuring the ray-
path lengths of the two tsunami propagation paths of the 
minimum tsunami traveltime. By comparing the synthetic 
and observed tsunami waveforms, they found that an iso-
lated wave packet recorded 36 h after the earthquake at two 
DART stations off the western coast of North America was 
a tsunami propagated eastward from the source region.

3.16  1960 Valdivia (Chile) earthquake M9.5
The 1960 Valdivia (Chile) earthquake occurred over an 
area of extending 800  km along the Nazca subduction 

Fig. 10 Finite fault-slip distribution of the 1960 Chilean earthquake 
estimated by a joint inversion of the far-field tsunami records and 
local geodetic data. The figure has been adaptedi and modified from 
Fig. 13 of Ho et al. (2019)



Page 22 of 25Watada  Progress in Earth and Planetary Science           (2023) 10:26 

zone beneath South America (Ho et  al. 2019). The 
source area is just south of the 2010 Maule (Chile) 
earthquake source area (Satake et  al 2020). Fujii and 
Satake (2013) used tide gauge records (traveltime < 6 h) 
only in South America because of the traveltime delay 
problem, leveling data near the source area, and sea-
level change data along the coast for the subfault slip 
inversion using conventional long-wave synthetic tsu-
nami Green’s functions. As we have seen for the 2010 
Maule (Chile) earthquake subfault analysis in Sect. 3.11, 
the fault slip model estimated by inversions using 
only tsunami data shows the largest slips at the deep-
est (> 34  km) subfaults beneath the coastline, whereas 
the model estimated by joint inversions using tsunami 
and geodetic data shows the largest slips in the mid-
dle of the subfaults (17–34 km). Ho et al. (2019) jointly 
inverted all tsunami waveforms recorded by tide gauges 
in the Pacific and the same local geodetic data used 
by Fujii  and Satake (2013) for the subfault slip model 
using the new synthetic tsunami Green’s functions and 
found three major asperities offshore close to the trench 
(Fig. 10). Ho et al. (2019) took full advantage of the fast 
computation time of the phase correction method to 
calculate the Green’s functions for the 435 subfaults.

3.17  1906 Ecuador–Colombia earthquake M8.8
The event occurred along the upper boundary of the sub-
ducting Nazca plate beneath the South American plate. 
Because of the active seismicity in the source area after 
the event, such as events with M7.8 in 1942, M7.6 in 1958, 
M8.1 in 1979, and M7.8 in 2016, the detailed distribu-
tion of the slip deficit, or interplate coupling, along the 
subducting plate interface has been the subject of active 
study. A major limitation in these discussions has been the 
poorly known slip distribution of the largest 1906 event. 
In the papers cited in this subsection, the phase correction 
method allows us to simulate far-field tsunami records.

There are far-field tide gauge tsunami records, two 
in North America (traveltime ~ 11  h), one in Hono-
lulu (~ 12 h), and four in Japan (~ 20 h), one in Panama 
(~ 2 h). Yoshimoto et al. (2017) analyzed the Honolulu, 
San Francisco, and Ayukawa records and obtained 
a subfault slip model with concentrated slip regions 
near the trench, which do not overlap with the large 
slip regions of the 1942, 1958, 1979, and 2016 events. 
Yamanaka and Tanioka (2021) analyzed Panama, San 
Diego, and four records in Japan, after calibrating the 
timing of the tsunami records by comparing them with 
the astronomical tides. They obtained a subfault slip 
model with large slips in the north of the event source 
region, which overlaps the slip region of the 1979 event, 
and less slips which overlap the slip regions of the other 
three events.

Yamanaka and Tanioka (2018) confirmed that the simu-
lated Honolulu tide gauge record was consistent with the 
observed record. The three tsunami waveform modeling 
studies cited in this subsection indicate that the seismic 
moment of the 1906 event is between M8.2 and M8.6.

3.18  1854 Ansei great earthquakes (two M8.4)
On December 23, 1854, the first great earthquake struck 
off the coast of Tokai along the southern coast of Japan. 
About 30 h later, the second great earthquake struck west 
of the first one off the Nankai region along the south-
ern coast of Japan. Two earthquakes occurred along the 
upper boundary of the subducting Philippine Sea plate 
beneath Honshu Island, Japan.

Tsunamis generated by the two earthquakes traveled 
across the Pacific Ocean and were recorded by three tide 
gauges at Astoria, San Francisco, and San Diego, in the 
USA (Kusumoto et  al. 2020, Fig.  11). The astronomical 
tides were used to calibrate the timing of the records. The 
earthquake origin time, which is only available in docu-
ments in Japan (e.g., Sugimori et al. 2022), was estimated 
from the arrival times in the tsunami waveforms of the 
Ansei Tokai earthquake simulated by using the phase 
correction method or the loading Green’s function con-
volution method. Kusumoto et al. (2020) confirmed that 
the  two methods calculate exactly the same traveltimes. 
A small waveform difference appeared only in the later 
phases (Fig. 4 of Kusumoto et al. 2020). The time differ-
ence between two earthquakes was measured from the 
tide gauge records in San Francisco and San Diego (Kusu-
moto et al. 2022).

Fig. 11 Two tide gauge records at San Diego and San Francisco, 
the USA. Two tsunamis from the 1854 Tokai and Nankai earthquakes 
occurred offshore Japan, were recorded in one trace. The San Diego 
record is shifted by 1.5 m for better visibility. Original numerical 
data are available from Kusumoto et al. (2020). The figure has been 
adapted and modified from Fig. 5 of Watada (2021)



Page 23 of 25Watada  Progress in Earth and Planetary Science           (2023) 10:26  

4  Conclusions
The development of deep ocean tsunami observation 
systems in the Pacific Ocean has provided high-quality 
tsunami records generated by the 2010 Maule (Chile) 
and 2011 Tohoku-Oki earthquakes without coastal 
interference. These data have  recorded the waveform 
evolution as the tsunami spread throughout the entire 
Pacific, revealing that conventional tsunami theory is 
unable to explain not only the delayed traveltimes but 
also the initial phase reversal of the observed distant 
tsunami waveforms. The discrepancy between theory 
and observation has  led to the development of a tsu-
nami propagation theory that eliminates the assump-
tions in the  conventional tsunami theory and to the 
establishment of methods for computing a tsunami for 
a gravitationally coupled elastic Earth system. Based 
on the new tsunami theory, two equivalent tsunami 
synthetic methods, the phase correction method by 
Watada et  al. (2014) and the loading Green’s function 
convolution method by Allgeyer and Cummins (2014), 
have been developed.

The computed tsunami waveforms using the new 
methods reproduce the observed waveforms in the 
far field, including the traveltime delays and the initial 
phase reversal. The traveltime delay is due to the slow-
down of the tsunami phase speed by the compress-
ible seawater, elastic solid Earth, and the gravitational 
potential change during tsunami propagation. The lat-
ter two also cause the reverse dispersion of a tsunami, 
i.e., slower tsunami phase velocities for wave periods 
longer than 1000 s, resulting in the initial phase rever-
sal of a distant tsunami. The new tsunami synthetic 
methods greatly diminish the waveform and traveltime 
differences between the observed and simulated distant 
tsunamis.

The new distant tsunami waveform calculation 
methods make it possible to determine the slip dis-
tribution of large earthquakes from far-field tsu-
nami records. Past distant tsunami events recorded 
by coastal tide gauges, which had not been studied 
by conventional simulation methods because of the 
traveltime and waveform mismatch problems, have 
become the subject of quantitative tsunami studies 
using the waveforms. Distant tsunami synthetic meth-
ods have been applied to more than 19 earthquake tsu-
namis since the first trans-Pacific tsunami records in 
1854 and have successfully quantified the earthquake 
slip models. Analyses of distant tsunami records are 
elucidating the slip distributions of past giant earth-
quakes under the seafloor, and the fault slip history of 
repeating giant shallow thrust earthquakes is gradually 
being revealed.
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