
Progress in Earth and
      Planetary Science

Endo Progress in Earth and Planetary Science  (2016) 3:28 
DOI 10.1186/s40645-016-0102-9
RESEARCH ARTICLE Open Access
Simple stochastic cellular automaton model
for starved beds and implications about
formation of sand topographic features in
terms of sand flux
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Abstract

A simple stochastic cellular automaton model is proposed for simulating bedload transport, especially for cases
with a low transport rate and where available sediments are very sparse on substrates in a subaqueous system.
Numerical simulations show that the bed type changes from sheet flow through sand patches to ripples as the
amount of sand increases; this is consistent with observations in flume experiments and in the field. Without
changes in external conditions, the sand flux calculated for a given amount of sand decreases over time as
bedforms develop from a flat bed. This appears to be inconsistent with the general understanding that sand flux
remains unchanged under the constant-fluid condition, but it is consistent with the previous experimental data. For
areas of low sand abundance, the sand flux versus sand amount (flux–density relation) in the simulation shows a
single peak with an abrupt decrease, followed by a long tail; this is very similar to the flux–density relation seen in
automobile traffic flow. This pattern (the relation between segments of the curve and the corresponding bed
states) suggests that sand sheets, sand patches, and sand ripples correspond respectively to the free-flow phase,
congested phase, and jam phase of traffic flows. This implies that sand topographic features on starved beds are
determined by the degree of interference between sand particles. Although the present study deals with simple
cases only, this can provide a simplified but effective modeling of the more complicated sediment transport
processes controlled by interference due to contact between grains, such as the pulsatory migration of grain-size
bimodal mixtures with repetition of clustering and scattering.
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Introduction
Bedforms, including both subaerial and subaqueous ones,
have been studied for more than half a century, mainly
starting with the pioneering field observations of Bagnold
(1941) and the laboratory studies of Allen (1968) and con-
tinuing to recent comprehensive experiments (e.g., Perillo
et al. 2014). Theoretical studies also have been conducted,
employing various approaches, such as linear and nonlin-
ear stability analyses (e.g., Melo et al. 2012; Andreotti et al.
2012); first-principle calculations for fluids and/or grains
(e.g., Wippermann and Gross 1986; Schwämmle and
Herrmann 2003; Duran et al. 2014); simulations with sim-
plified continuous models, such as a defect-crest line
dynamics model (Werner and Kocurek 1999), a skeleton
model (Niiya et al. 2010), and a single-dune-based particle
model (Parteli and Herrmann 2003; Diniega et al. 2010);
and simulations with various cellular automaton (CA)
models (e.g., Nishimori and Ouchi 1993; Werner 1995;
Momiji et al. 2000; Katsuki et al. 2005). Even with in-
creased computing speeds, CA models of bedforms
remain useful for complicated settings that are time con-
suming when other methods are used (Barchyn and
Hugenholtz 2012; Barrio-Parra and Rodríguez-Santalla
2014; Rozier and Narteau 2014).
The transport of sand grains in water can be classified

into four modes: sliding, rolling, saltation, and suspen-
sion (Allen 1982). Sliding and rolling grains remain in
continuous contact with the bed, while suspended parti-
cles have little or no contact with the bed. Saltating
grains jump over the bed in a series of low trajectories
that are on the order of 10 to 20 particle diameters long
and a few diameters high; thus, this is an intermediate
mode between sliding and rolling and suspension. Reid
and Frostick (1994) defined the bedload as the grains
that move along the bed and that are essentially in
contact with it at all times (i.e., including only sliding
and rolling particles) and independently defined the sal-
tation load; however, others (e.g., Allen 1982; Bridge and
Demicco 2008) defined the bedload to include saltating
grains in addition to sliding and rolling grains. Regard-
less of the definition of bedload, all researchers have
pointed out that in subaqueous environments, sliding
and rolling are most prevalent when the level of trans-
port is low (low transport stage; Allen 1982; Reid and
Frostick 1994; Bridge and Demicco 2008).
Allen (1982) pointed out that in air and water, trans-

port processes differ due to the difference in viscosity
and density of the medium. In the case of aeolian dunes,
saltation is the most important mode (Bagnold 1941),
whereas bedload transport is most important for sub-
aqueous ripples (Allen 1968). Sand ripples can be gener-
ated by a shear stress that is just above the threshold for
bedload transport (Bridge and Demicco 2008). In sub-
aqueous environments, sliding and rolling are most
prevalent at low transport stages (Allen 1982; Reid and
Frostick 1994; Bridge and Demicco 2008), and therefore,
instead of considering changes in saltation length, the
subaqueous bedform at low transport stages should be
explained by a model that considers grain movements
that are in continuous contact with the bed. Although
previous CA models for aeolian dunes have attributed
the bedform generation to changes in the saltation
length, in the present study, which employs a stochastic
model, we consider changes of the migration speed of
sand particles that are in continuous contact with the
bed (i.e., sand that moves no faster than one cell per
time step). Although there have been a few preliminary
attempts to employ the CA model and explicitly include
the continuous bed-contact load (e.g., Miyata and Iwasa
1997), the relation between sand flux and sand abundance
was not considered.
Historically, most sedimentological and geomorpho-

logical studies of subaqueous beds have considered beds
in which sand covered the entire substrate, i.e., sediment
beds. It is known that on starved beds (nonerodible
substrates with sparse sand), there occur topographic fea-
tures that are different from those that occur on sediment
beds, for example, sand patches. For starved beds, the
relation between the sand flux and the topographic fea-
tures has not been sufficiently studied. Although Betat
et al. (2002) measured the bedload flux for sediment beds,
there are few such studies, because it is difficult to meas-
ure the sand flux without disturbing the system; this is
especially true for starved beds. Numerical simulations
can provide useful information about the generation and
transition of sand topographic features on starved beds,
such as sand patches.
In this paper, we consider sparse sediments under rela-

tively slow, unidirectional water flow; we present a CA
model and discuss the relation between bed states and
sand flux. We compare the results of our model with the
results of a jam simulated by a traffic flow model. The
jam-like transportation of sediments has been reported,
such as sediments passing a meander bend of a channel
with a pool (Kleinhans et al. 2002) and the pulsatory
migration of sediment mixtures with grain-size bimodal-
ity (Iseya and Ikeda 1987). Following perturbations in
the sediment supply, sparsely distributed sediments in a
bedrock channel cause both negative and positive feed-
back to the incision rate (Finnegan et al. 2007). Although
applications to such complicated natural phenomena are
beyond the scope of this study, we note that the CA
model is a potential tool for a deeper understanding of
the dynamics of starved beds.
The purposes of the present study are as follows: (1)

to propose a new CA model that includes the continu-
ous bed-contact load in small-scale subaqueous beds
with sparsely available sediments; (2) to compare the
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results of our model to those of flume experiments to
assess how well it models changes in topographic fea-
tures with increasing levels of sand abundance, as well
as temporal changes in the sand flux under constant
conditions (this has not previously attracted much atten-
tion); and (3) to gain a better understanding of the dy-
namics of bed states by investigating the dependence of
the sand flux on the abundance sand and topographic
features; we do this by a comparison with other kinds of
physical phenomena, such as traffic flow.

Methods/Experimental
CA model
CA models include the coarse graining of sand by con-
sidering clusters of sand grains (sand slabs) instead of
individual particles. In CA models, the topographic
height is taken to be the number of compiled slabs.
The topographic height h(i, j) at site (i, j) in a two-
dimensional field changes with time. Previous CA
models for aeolian sand dunes used a phenomeno-
logical formulation of saltation; that is, it was not based
on fluid motion. Although there is some variation in
the formulations of saltation, the previous models de-
termined situational-specific saltation distances, such
as defining the jumping length as a function of the
state of the sand bed.
Allen (1982) pointed out that the differences in air and

water transport stemmed from differences in the viscos-
ity and density of the medium. On subaqueous beds
under relatively slow flows, the main transport mode of
sand grains is rolling and sliding, for which bed contact
is continuous (Allen 1982; Reid and Frostick 1994;
Bridge and Demicco 2008). Therefore, instead of using
the saltation length, low transport stages of subaqueous
bedforms can be better explained by incorporating
changes in the migration speed of grains in continuous
contact with the bed. In the simulation used in the
present study, the movement of particles was considered
separately for two processes: transport due to fluid
motion, with continuous bed contact; and avalanching
due to gravity. For the remainder of this paper, we will
use “bedload” to mean the continuous bed-contact load
that is only due to the flow (not due to gravity). Other
processes due to flow, such as saltation or suspension,
will not be considered so that we can focus on subaque-
ous environments with low transport rates that form
topographies such as sand patches. In the simulation,
which process (bedload transport or avalanching) occurs
is evaluated deterministically from the geomorphological
state of the position. However, the movement of sand
slabs due to bedload transport is a stochastic variable
that expresses finite velocities for discrete positions;
that is, slabs migrate according to a probability that
represents the velocity (see below). The simulation
ignores the inner structure of the flow, which be-
comes important when the flow is relatively fast and
the bed roughness (bedforms) is large; for simplicity,
we ignore the effects of strong erosional vortices and
secondary flows.

Formulation of bedload transport
When simulating bedload transport in a CA model, sand
slabs should be restricted to moving to the adjacent
downstream cell, unlike the process for saltation. The
topographic height is affected by bedload transport as
follows:

h i; jð Þ→h i; jð Þ−qb and h iþ 1; jð Þ→h iþ 1; jð Þ þ qb; ð1Þ

where site (i + 1, j) is downstream of site (i, j), and qb is
the number of slabs that migrate during a single calcula-
tion step. Here, we consider bedload transport in only
the direction of the flow; this is the positive x-direction
of the two-dimensional (x, y) system.
If the bed is perfectly uniform, sand may be trans-

ported everywhere at a constant rate, but otherwise, the
rate of sand migration depends on the location. We
formulated a simple phenomenological rule for the
probability of sand movement (surrogate of velocity)
that does not require calculating the fluid motion. In
each time step, a sand slab on the surface moves to the
next downstream cell or remains at the same location,
as determined stochastically; this probability corre-
sponds to the velocity of the sand migration velocity
(that is, a higher probability corresponds to a higher
velocity), and this depends on the state of each site.
We made the following assumptions. Sand slabs on

a stoss side move fastest at the local peak (state s1),
and other sand slabs (for example, partway down the
slope) slow down as the downstream gradient in-
creases, due to the competing gravitational force.
Sand slabs on lee slopes move more slowly than those
on stoss slopes, because to some extent, the bedform
shields the downstream flow. For a slab on a lee
slope, the probability of movement depends on the
extent of the shielding effect of the bedform; we as-
sume that this depends on the gradient of the lee
slope. When the slope of a lee side is less than a cer-
tain value (state s3), slabs can move as a bedload;
otherwise, if the slope is greater than or equal to a
threshold value (state s4), slabs are in a perfectly
shielded area (shadow zone), in which the flow is not
sufficient to convey sand as a bedload, and thus, the
sand moves only by avalanching. From these assump-
tions, we obtain a simple formulation for the state-
dependent (s1 to s4) probability, Bi, j, that the sand at
site (i, j) will migrate by bedload transport to the
nearest downstream cell:



Bi; j ¼
α on a local peak; including a flat top s1ð Þ
α= h iþ 1; jð Þ−h i; jð Þð Þ midway along a stoss side s2ð Þ
γ β− h i−1; jð Þ−h i; jð Þð Þf g on a lee slope; but not in a shadow zone s3ð Þ
0 in a shadow zone s4ð Þ;

8>><
>>: ð2Þ
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where α, β, and γ are positive constants. The second ex-
pression on the right-hand side shows that the difficulty
of climbing a stoss slope depends on the gradient. The
third expression on the right-hand side shows the extent
to which the bedform reduces the flow, as a function of
the gradient of the lee slope.
In Eq. (2), the condition of the local state (s1 to s4) is

determined as follows. If hi − 1,j ≦ hi,j, the site (i, j) is on a
stoss slope or at a local peak. If it is also true that hi + 1,j

− hi,j ≦ 0, then the site is a peak or a flat top (s1); other-
wise, it is somewhere along a stoss slope (s2), and the
velocity is inversely proportional to the gradient. On the
other hand, if hi − 1,j > hi,j, the site (i, j) is on a lee slope.
If it is also true that hi − 1,j − hi,j ≦ β, then site (i, j) is not
in a shadow zone (s3); otherwise, it is in a shadow zone
(s4). Note that β is the threshold value for the shadow
zone. The above determination of the site state for the
bedload (s1 to s4) can be summarized as follows:

if hi−1;j ≦ hi;j and

(
if hiþ1;j −hi;j≦ 0 : s1ð Þ
if hiþ1;j−hi;j > 0 : s2ð Þ

if hi−1;j>hi;j and

(
if hi−1;j− hi;j ≦ β : ðs3Þ
if hi−1;j− hi;j>β : s4ð Þ

:

8>>>><
>>>>:

ð3Þ

Formulation of avalanching
Avalanching occurs as a result of gravity, and conse-
quently, sand can be conveyed by avalanching in a
shadow zone, even when bedload transport does not
occur. Avalanching occurs when the lee slope is steeper
than the angle of repose; the probability that avalanching
occurs is unity, which implies deterministic and immedi-
ate movement. For avalanching in the streamwise direc-
tion at site (i, j), the topographic height at (i, j) develops
as follows:

h i; jð Þ→h i; jð Þ−qa and h iþ 1; jð Þ→h iþ 1; jð Þ þ qa; ð4Þ

where qa is the number of slabs that move by avalanch-
ing during one time step. According to flume experi-
ments, avalanching does not occur on a stoss side; thus,
we do not need to consider avalanching in the negative
x-direction. Avalanching always occurs if the following
condition is satisfied:
downward slopef g > Ar with the condition s4ð Þ; ð5Þ
where Ar is a positive constant that represents the angle
of repose, and the slope in the downstream (positive x-
direction) is defined as

downward slopef g ¼ h i ; jð Þ−h iþ 1; jð Þ: ð6Þ
Unlike with bedload transport, because of gravity, ava-

lanching can also occur in the lateral direction:

h i; jð Þ→h i; jð Þ−qa and
h i; jþ 1ð Þ→h i; jþ 1ð Þ þ qa

orh i; j−1ð Þ→h i; j−1ð Þ þ qag:

(

ð7Þ
Note that oblique movements between adjacent cells

are ignored in the present simulation. Lateral avalanch-
ing occurs under the same condition as in Eq. (5), but
here, the slopes of interest are those in the positive and
negative y-directions, which are defined as

downward slopef g ¼ h i ; jð Þ−h i; jþ 1ð Þ; h i ; jð Þ−h i; j−1ð Þ;
ð8Þ

respectively. If the lateral slopes in both the positive and
negative y-directions are steeper than the angle of re-
pose, only one of these two directions is selected, and
they have equal probability:

Alþ ¼ Al− ¼ 1
2
; ð9Þ

where Al + and Al − are the probabilities of avalanching
in the positive and negative y-direction, respectively.
In previous CA models for aeolian dunes, avalanching
sand moves in the steepest direction (e.g., Werner
1995). In the present model, for simplicity, we adopted
the assumption stated in Eq. (9). When averaged over
time, this rule is equivalent to the distribution due to
avalanching of sand in a sandpile (e.g., Bak et al.
1987); that is, the sand is distributed equally in all
possible directions.

Simulation
The simulation in the present study was executed as fol-
lows. At each time step, the movement of sand slabs in
the x-direction, due to both bedload transport and ava-
lanching, was determined for each cell and updated in
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parallel. Next, lateral avalanching (in the y-direction)
was determined for each cell and updated in parallel.
During a single step, avalanching occurred only once per
cell (i.e., it was not repeated until perfect relaxation).
This was done for simplicity and because we consider
bedload transport, and thus, it is not necessary to obtain
a static slope (in a strict sense) after perfect relaxation.
In selecting values for the phenomenological parame-

ters, we made the following assumptions. The topo-
graphic height was taken to be the number of sand
slabs, and therefore, β and Ar were positive integers. Be-
cause the slope of a stoss side of a bedform is always
gentler than the corresponding lee slope, the inequality
1 < β should be satisfied. In addition, we impose the in-
equality α > γ(β − 1) because the migration of grains is
faster on a stoss side than it is on the corresponding lee
slope (see Eq. (2) for the gentlest lee slope). The value of
α is selected arbitrarily, subject to the condition that it
be sufficiently smaller than unity; this probability is as a
surrogate for the velocity of sand particles. The simula-
tion results are insensitive to α, apart from the rate of
development for a given time step. For a given value of
α, the values of γ should be sufficiently small that the
above inequalities are satisfied; otherwise, the model will
not adequately reproduce the shielding effect of lee
slopes. For simplicity and to take account of the above
inequalities, we used the following values for the param-
eters: α = 0.05, β = 2, γ = α/8(=6.25 × 10− 3), and Ar = 4.
We let qb = 1, which represents the assumption that the
bedload is a thin layer. We let qa = 2 so that there was a
fast relaxation of the avalanching; however, we note that
when qb = 1, the simulation results were very similar,
providing α was sufficiently smaller than unity. The ini-
tial state of the bed was almost flat, with some small
random variation, for the available sediment (sand slabs),
while the substrate was perfectly flat. The calculation
space was a 200 × 40 grid of cells, although we also used
a 400 × 80 grid of cells to make particular comparisons.
Fig. 1 Sand patches repeatedly appearing and disappearing. An identical run
steps, b 50,000 steps; the sand moves from the left to right. A sand patch (en
only a little sand in the area downstream of the sand patch, which suggests t
condition, the sand patch does not grow to an isolated ripple. The height of
Calculation runs were performed for more than 105 time
steps, using a periodic boundary condition. Because the
simulation was a minimal model and used the simplest
formulae and boundary condition, the main discussion
will be restricted to the case of sparse available sedi-
ments. We note that when sediments are plentiful, the
interference between opposing boundaries cannot be ig-
nored, and thus, it is not appropriate to use a periodic
boundary condition.

Results and discussion
Development of sand topographic features
First, to evaluate the present model, we qualitatively
assessed the dependence of the topographic features on
the amount of sand, as expressed by the average sand
thickness, which is defined as the total number of sand
slabs divided by the number of cells in the system. In
our simulation, the following types of bed appeared (in
order of increasing amount of sand): sheet flows, sand
patches, isolated (barchan) ripples, and continuous rip-
ples. When the average sand thickness was less than 0.6,
bedforms (ripples) were not generated, and sand mi-
grated only as a veneer of fast-moving sand particles,
which is referred to as sheet flow (Bagnold 1941; Cooke
et al. 1993; Venditti et al. 2005). When the average sand
thickness was about 0.65 (0.6–0.7), sand patches (small
bunches of sand; Bagnold 1941; Cooke et al. 1993) ap-
peared and coexisted with sheet flows, but no stable rip-
ples occurred. Sand patches were repeatedly generated
and destroyed, returning entirely to sheet flows (Fig. 1).
Such a situation is commonly seen in flume experi-
ments, and this contrasted to the case of ripples, which,
once formed, were robust and maintained their shape
during migration. Ripples were generated only when the
average sand thickness was greater than 0.7. When the
average sand thickness was less than 22, the ripples were
barchans, an isolated type of ripple that typically takes a
crescent shape (Fig. 2a); this is consistent with the
(average sand thickness of 0.65) is shown at different times: a 35,000
closed by the oval in a) vanished 15,000 steps later. Note that there is
hat the sand patch gathers sand from upstream. Nevertheless, under this
one slab is one-tenth the length of one cell



Fig. 2 Calculated topographies from the oblique view. a Isolated ripples (barchan ripples) and b continuous ripples; shown for the same time
(105 steps), with average sand thicknesses of 1.0 and 30, respectively. The movement of particles is from the left to right, and in the graphics, the
light is cast from the upper left. The height of one slab is one-tenth the length of one cell
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finding that barchans form when the amount of sand is
not sufficient to cover the entire area, as found by field
studies (Bagnold 1941; Allen 1968; Wasson and Hyde
1983; Cooke et al. 1993) and flume experiments (Mantz
1992; Niño and Barahona 1997; Kleinhans et al. 2002;
Endo et al. 2004, 2005; Dreano et al. 2010). As is well
known, if there is abundant sand, a bed will have con-
tinuous ripples (e.g., Bagnold 1941; Allen 1968; Wasson
and Hyde 1983; Dreano et al. 2010). In our simulation,
when the average sand thickness was more than 22,
continuous ripples were generated (Fig. 2b). Thus, the
present simple model qualitatively reproduces the devel-
opment of sand topographies that are due to the size of
the bedload. Below, we will consider the starved state
(beds with sparse sediments).

Temporal changes in sand flux compared with flume
experiments
The sand flux is defined as the sand discharge per width
(note that this differs from the general definition of flux
in terms of the unit cross section). The sand discharge
does not distinguish between that due to flow motions
and that due to avalanching, and therefore, the sand flux
includes both bedload transport and avalanching. If the
sand discharge is quantified by bulk volume (including
both sand and intergrain voids) per unit time, the di-
mensions of sand flux are the square of length over time
(L2/T), because the volume per width is measured in
units of L2.
It is known that when a bedform develops from a flat

bed, the migration velocity decreases, but the size of the
bedform increases asymptotically (Baas 1994; Coleman
et al. 2003; Perillo et al. 2014). However, the actual time
dependence of the sand flux has rarely been measured;
this is probably due to the difficulty of doing so. As one
example, Betat et al. (2002) used statistical methods to
measure the sediment transport rate, the average height,
and the migration velocity of irregular bed states during
the development of bedforms. According to a graph
presented in Betat et al. (2002), the sediment transport
rate decreased monotonically with time, except at the
very start of the experiment. Although this showed the
temporal change in the sand flux, the definition of the
sediment transport rate in that paper (Betat et al. 2002)
was different from the usual definition of sand flux. For
a comparison using the usual definition, the measured
values were transformed to the sand flux using the sim-
ple relation Q ∝H ×V, where Q is the sand flux, H is the
height of the bedform, and V is the migration speed. If
the sand discharge is measured by bulk volume instead
of weight, Q =H × V (Dreano et al. 2010). Although ac-
tual beds are irregular, especially during the develop-
ment of bedforms (before reaching equilibrium), this
relation can be applied to the data of Betat et al. (2002),
because these are spatial averages for each moment and
are obtained through precise measurements and calcula-
tions; therefore, they are suitable for estimating the over-
all trend of the sand flux.
Figure 3 shows the temporal changes in the recon-

structed sand flux and the bedform developments found
in experiments (Betat et al. 2002). The sand flux de-
creased monotonically as it transitioned from a flat bed to
a stable state; however, note that such a decrease in the
sand flux is not generally observed, because natural loca-
tions are generally regarded to be in a stable state relative
to the time scale of the observation. There has been little
discussion of the decrease in sand flux prior to a stable
state that is seen in mathematical models.
Figure 4 shows an example of the temporal changes

in sand flux, as seen in the present model; note that
the flux is spatially averaged over momentary values,
and the standard deviation of the topographic height
is used as an index of bed development. The simula-
tion showed that the flux decreased monotonically as
the bedform developed and enlarged. This change
qualitatively agrees with the results of the experiment
(Fig. 3), which had not been explicitly reproduced in
previous models.



Fig. 3 Experiment: temporal development of velocity, height, and
reconstructed sand flux of aqueous bedforms. The original data are
taken from Betat et al. (2002). The sand flux is calculated using
Bagnold’s relation with a constant of unity, velocity × height, to
show the relative change
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Calculated sand flux in a stable state and its dependence
on the amount of sand
In Fig. 5, the long-term stable state of the sand flux, as
shown in Fig. 4, is compared to the average sand thick-
ness (up to 3.5). For the range of average sand thick-
nesses shown in Fig. 5, the bed state changes from sand
sheets through sand patches to isolated (barchan) rip-
ples. Figure 5 shows that the sand flux increases and
then decreases as the average sand thickness increases.
The stage of increasing flux seems to directly reflect an
increase in the amount of sand in the system, which
likely corresponds to the supply-limited transport mode.
The stage of decreasing flux in Fig. 5, however, cannot
be explained by a supply limitation nor by a capacity
limitation, because the model in this study does not
explicitly calculate the fluid motion or the capacity of
Fig. 4 Temporal change of sand flux and standard deviation (std) of the to
development of the bed, which increases as ripples enlarge; it can be easil
thickness is 1.0. The height of the sand is equal to the number of sand slab
sediment transport due to flow. Additionally, the range
of average sand thickness considered here (0–3.5) is a
supply limitation in the ordinary sense of geomorphology
and sedimentology, because the amount of sand is not
sufficient to cover the entire substrate.
Figure 5 shows that the sand flux in a stable state

increases and then decreases as the average sand
thickness increases and the bed state changes from
sand sheet through sand patches to isolated ripples.
Additionally, in the cases in which we quadrupled the
grid (400 × 80 cells), the total trend was identical, al-
though the position and the value of the peak (ca.
5.5 × 10−1 and 8.6 × 10−3, respectively) were slightly
different (ca. 0.5 × 10−1 and 0.4 × 10−3 smaller, respect-
ively). In the present model, Eq. (2), especially in the
case of s2, indicates that the movement of a sand slab
is suppressed by the topographic state of the adjacent
downstream cell. In a specific test case in which con-
dition (s2) was not included (sand migrates with con-
stant probability regardless of the slope), the bedforms
that formed did not have a plausible shape (stoss sides
were steeper than lee slopes). This indicates the im-
portance of interference by nearby particles in the de-
velopment of beds; note that this works negatively in
terms of sand flux.

Comparison with traffic flow and implications
As stated in the previous section, interaction between
sand in neighboring cells (Eq. (2)) is necessary to repro-
duce bedforms with plausible shapes. Dynamic interaction
between grains is a theme of physics of multiparticle sys-
tems or granular dynamics, and it is generally compli-
cated. For specific topics, however, simplified models
based on granular dynamics can reproduce real phenom-
ena; an example of this is traffic flow. Although the
pographic height. The standard deviation of height is an index of the
y calculated for irregular beds and isolated bedforms. Average sand
s in each cell



Fig. 5 Simulation: long-term sand flux against the average sand thickness. As shown in Fig. 4, the sand flux asymptotically decreases until the
time step is approximately 104, and then it becomes almost constant with only a small fluctuation. The bars indicate the standard deviation of
the fluctuation (the length of each bar is 2σ), which is obtained from data sampled every 500 steps from 1 × 105 to 5 × 105 steps for 10 runs
under the same conditions (except for small random differences in the initially almost flat bed). The sand thickness is equal to the number of
compiled slabs. The sand flux is the number of transported sand slabs per unit width per unit time step

Endo Progress in Earth and Planetary Science  (2016) 3:28 Page 8 of 11
present model for starved beds is built phenomenologic-
ally on the basis of the continuous bed-contact load, it has
similarities to a model for traffic flows. Traffic flow is of
interest both in the fields of physics and in civil engineer-
ing, where cars are regarded as grains and their flow con-
sidered a type of granular flow (e.g., Chowdhury et al.
2000). In such studies, the relation between car-flow
phases (i.e., “grain-flow phases”) and the abundance of
cars (density of grains) has been investigated. The grain-
flow phase is a class or state of transportation in a traffic
flow, and the traffic viewpoint is different from the trans-
port modes of geomorphology and sedimentology (such
as rolling, sliding, saltation, and suspension). Previous
studies of traffic flow have shown that car-flow phases are
connected with car transportation rates (Chowdhury et al.
2000). Car transportation rates correspond to sand flux
for sediment beds, which is a quantifiable factor. In geo-
morphology and sedimentology, while interconnectional
properties among different levels of interaction (for ex-
ample, grain−fluid, bedform−fluid, and bedform−bedform)
have been identified (e.g., Kocurek et al. 2010), differences
in the grain-flow phase have not been clearly identified.
Here, we review a previous model of traffic flow and com-
pare it with the present model in order to understand the
relation between sand flux and the state of sand transpor-
tation on starved beds.
The stochastic optimal velocity (SOV) model (Kanai

et al. 2005) is a stochastic CA model of the traffic flow.
The simple SOV model considers the case in which a
particle (car) migrates at most one cell per step, as in
the present model for bedload transport. Before discuss-
ing the similarities between the present model and the
SOV model, we will consider the difference. The sim-
plest SOV model assumes a single-lane road and pro-
hibits overtaking, whereas the present model for bedload
transport allows overtaking. The present model accepts
more than one particle (slab) per cell, which represents a
compilation of sand, while the SOV model allows only
one particle per cell.
A flux–density diagram is used to show the dynamic

properties of car traffic flows. Because the average sand
thickness in the present study is equivalent to the density
of particles (the number of particles per unit area), Fig. 5
can be compared to a flux–density diagram of traffic flow.
Despite the different research targets, the two models have
common points. In both models, the probability of migra-
tion of particles corresponds to the velocity. The SOV
model reproduces the relation between the flux and the
density of particles, and it is asymmetric (fast increase and
long-tailed decrease). This agrees with observations of a
real highway (Sugiyama et al. 2008) and resembles the re-
sults of the present model (Fig. 5), although car traffic
jams always propagate upstream. Interestingly, the curve
in Fig. 5 shows an abrupt decrease around the peak before
a tail. A similar abrupt decrease is seen in observations of
real traffic and is interpreted as an overshoot of the free
phase against the jam phase, showing a metastability bifur-
cation (Kanai et al. 2005).
When comparing the model of the present study and

that of Kanai et al. (2005), we note that the stage of
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increasing sand flux (average sand thickness of less than
0.6; sheet flows occur; Fig. 5) corresponds to the free-
flow phase of traffic flows. The concepts of supply-
limited sediment transport and free-flow phase are in
accordance, in that they are free from interference from
other particles. The state of decreasing sand flux (aver-
age sand thickness over 0.7; isolated ripples are gener-
ated; Fig. 5) corresponds to the jam phase. The vicinity
of the peak sand flux (average sand thickness 0.6–0.7;
sand patches repeatedly appear and disappear, while
sand sheets exist continuously; Fig. 5) is the transition
between the above two phases and likely corresponds to
the congested phase. Therefore, it is suggested that sand
topographic features on starved beds are dominated by
the interference between sand particles.

Limitations of the present model and future
developments for potential applications
It is important to note that the present minimal model
can be applied only to specific cases in which the bedload
transport rate is very low. For wider application, formulae
should include other processes, such as erosional effects
occurring downstream of lee slopes, three-dimensional ef-
fects of flows, and a more realistic avalanching process.
These effects become important when bedform heights
are large; therefore, the use of the present minimal model
requires restricting the size of the bedload and bedforms.
It is interesting to consider a flume experiment that

was conducted under conditions similar to those dis-
cussed above. Dreano et al. (2010) showed that in the
stable state, the bedload flux due to bedform migration
increased from barchan ripples to transverse barchanoid
ripples if the sand supply was increased (however, we
note that the setup of these experiments was different
from the present simulation). Dreano et al. (2010) ob-
served dynamic equilibrium states in which there was a
well-controlled forced influx of sand into the system,
while the present simulation assumes a closed system. In
our simulation, we did not observe development of iso-
lated ripples as the abundance of sand increased; instead,
we investigated the relation between sand flux and the
transition between sand sheets, sand patches, and iso-
lated ripples, which had not been investigated suffi-
ciently, compared with the properties of bedforms
(ripples and dunes). In the personal experience of the
author, during preliminary runs and at early stages of ac-
tual runs of flume experiments for different purposes, it
is often observed that sand patches occur with thin sand
sheets under conditions of sparsely available sediments.
The sand patches migrate more slowly than do sand
sheets, and this probably decreases the sand flux, al-
though no measurements have been conducted (note
that precise measurement of this is difficult). During the
growth of sand patches, sand particles transported from
upstream are incorporated into sand patches and decel-
erated (like cars on a congested road); this local state is
not in equilibrium, but in a stochastic (statistical) sense,
it does not violate the equilibrium of the entire system,
because sand patches repeatedly appear and disappear in
many places. Such behavior is compatible with the sto-
chastic model. Although, the dynamics in the back-
ground of the stochastic process and the connection of
the numerical model to actual beds remain to be further
explored in future studies using new techniques for
measurement and observation, considering the change
in sand flux due to bed states through a grain-flow phase
is a viewpoint that leads to a deeper understanding of
bedforms and other sand topographies.
There have been jam-like phenomena reported, al-

though those are more complicated than the present
model. When sediments pass a meander bend of a river
channel with a pool, the migration speed of sediments
decreases greatly as they enter the pool, and it then
increases as they leave (Kleinhans et al. 2002); this
resembles the behavior of cars entering and leaving traf-
fic jams. Another example is the pulsatory migration of
bimodal mixtures of grain-sized sediment. A mixture of
large grains (gravel) and finer grains repeats the cluster-
ing and scattering behavior when they are transported
downstream as a bedload (Iseya and Ikeda 1987). It is
considered that this behavior comes directly from the
interference caused by the presence of other grains (i.e.,
jams), rather than from the water flow due to a moving
boundary condition that is induced by the other grains.
Such a situation is very complicated in the sense of the
physics of multiparticle systems, but it could be at least
partially explained by modeling it as a jam of transported
particles; however, it would be necessary to add some
new ideas to the present model.
Partially alluvial covers in bedrock river channels play

an important role in the incision rate. Those can either
promote incision by providing tools or inhibit incision
by acting as armor. Finnegan et al. (2007) performed
flume experiments with a straight channel and homoge-
neous sediments; they demonstrated that following sedi-
ment supply perturbations, the growth of roughness of
the bedrock, which is caused by the deposition of alluvial
cover, resulted in both negative and positive feedback to
the average incision rate. Gravel in a channel, which can
act as armor, can help preserve potential topographies;
for example, inverted paleochannels on the floor of
Miyamoto crater (Mars) were able to resist later (mod-
ern) aeolian erosion, as compared to the area outside the
channel (Newsom et al. 2010).
When a bedrock channel is considerably rough, sparsely

distributed sediments move in complicated ways. There is
a need for a numerical model that can predict, for any
shape of channel, the spatial and temporal variation of the
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incision rates induced by sediment supply perturbations;
beyond that, there is a need for a model that can do this
for bimodal sediments. Although the present study con-
sidered only flat, nonerodible substrates, it may be pos-
sible to adapt it so that it can incorporate changes in
roughness of the substrate; this could be done by formu-
lating phenomenological equations for erosion due to
partial alluvial covers.
Conclusions
A simple CA model simulating continuous bed-contact
loads (rolling and sliding) is proposed; this model was
developed phenomenologically and without the calcula-
tion of fluid motion. It is intended primarily for starved
beds in a subaqueous system. As the amount of sand in-
creases, the model reproduces the following bed types in
order: sheet flows, sand patches, and ripples. While sand
patches coexist with sand sheets and are not sustainable,
ripples are robust once formed.
In the simulation, during bed development, the sand flux

showed a monotonic decrease. This is in qualitative agree-
ment with data from a previous well-controlled flume
experiment that had not previously been reproduced by a
numerical model.
In the stable state, the sand flux versus average sand

thickness (flux–density relation) shows a steep increase
followed by a tailed decrease, which is similar to the pat-
tern seen in car traffic. The similarities between sand
beds and traffic flow suggest that the changes in sand
flux due to the bed state and the interference between
sediments are important factors in the generation of
bedforms, especially for the transition between topog-
raphies on starved beds. In the simulation, the change in
sand topographic features corresponds well to the
flux–density diagram. Sand topographic features shift
at the fluxes of the boundaries between segments of
the curve in the diagram (Fig. 5), which suggests that
sand sheets, sand patches, and sand ripples correspond
to the traffic phases of free flow, congested, and jam,
respectively, depending on the degree of interference
between sand particles.
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